5. Sorting

Simple Sorting, Quicksort, Mergesort
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Problem

Input: An array A = (A[1], ..., A[n]) with length n.

Output: a permutation A’ of A, that is sorted: A’[i] < A'[;] for all
1 <1< <n.
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Algorithm: Selection Sort

Input : Array A = (A[l],...,Aln]), n > 0.
Output : Sorted Array A
fori< 1ton—1do

P41

for j < i+ 1 ton do
if Aj] < A[p] then
P17

swap(Ali], A[p])
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Analysis

Number comparisons in worst case: O(n?).
Number swaps in the worst case: n — 1 = O(n)
Best case number comparisons: ©(n?).
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Insertion Sort

@ What is the disadvantage of this algorithm compared to sorting
by selection?

@ Many element movements in the worst case.

@ What is the advantage of this algorithm compared to selection
sort?

® The search domain (insertion interval) is already sorted.
Consequently: binary search possible.



Algorithm: Insertion Sort

Input : Array A = (A[l],...,A[n]), n > 0.
Output : Sorted Array A
for i < 2 to n do

x + Ali

for j « i — 1 downto p do
| Al + 1]+ Al]

Alp] + x

p < BinarySearch(A[l...i — 1], z); // Smallest p € [1,4| with A[p] > z
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Analysis

Number comparisons in the worst case:
S la-logk = alog((n —1)!) € O(nlogn).

Number comparisons in the best case ©(nlogn).?

Number swaps in the worst case > ,_,(k — 1) € O(n

Swith slight modification of the function BinarySearch for the minimum / maximum: ©(n)
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5.1 Quicksort

[Ottman/Widmayer, Kap. 2.2, Cormen et al, Kap. 7]
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Algorithm Quicksort(A|/, . .., 7]

Input : Array A with lengthn. 1 <[ <r <n.
Output : Array A, sorted between [ and r.
if [ <r then

Choose pivot p € AL, ..., ]
k < Partition(A[l, ..., 7], p)
Quicksort(A[l, ...,k —1])
Quicksort(A[k + 1,...,7])



Analysis: number comparisons

Best case.
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Analysis: number comparisons

Best case. Pivot = median; number comparisons:

T(n)=2Tn/2)+c-n, T(1)=0 = T(n) € O(nlogn)

Worst case. Pivot = min or max; number comparisons:

Tn)=T(n—-1)+c-n, T(1)=0 = T(n) € 6(n?



Analysis (randomized quicksort)

On average randomized quicksort requires O(n -logn) comparisons.




Practical considerations

Worst case recursion depth n — 1. Then also a memory
consumption of O(n).

Can be avoided: recursion only on the smaller part. Then
guaranteed O(logn) worst case recursion depth and memory
consumption.



Practical considerations.

Practically the pivot is often the median of three elements. For
example: Median3(A[l], A[r], A[|l + r/2]]).



5.2 Mergesort

[Ottman/Widmayer, Kap. 2.4, Cormen et al, Kap. 2.3],



Mergesort

Divide and Conquer!

m Assumption: two halves of the array A are already sorted.
m Minimum of A can be evaluated with two comparisons.
m lteratively: sort the pre-sorted array A in O(n).
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Algorithm Merge(A, [, m, r)

Input : Array A with length n, indexes 1 <[l <m <r <n. A[l,...

Alm+1,...,r] sorted
Output : All,...,r] sorted
B <+ new Array(r — [+ 1)
1L+ m+1 k1
while : < m and j < r do
if Ali] < A[j] then Blk] < Afi]; i+ i+1
else Blk] <+ Alj]; j+<j+1
k<« k+1;

while i <m do Blk] < Afi]; i ¢ i+1; k« k+1

s while j <rdo B[k]« A[j]; j« j+1; k+ k+1

for k < [ to r do A[k] < B[k — [ + 1]

,ml,



Correctness
Hypothesis: after k iterations of the loop in line 3 BJ[1,... k] is
sorted and Blk] < Ali], if i < m and Blk] < A[j]if j <r.

Proof by induction:
Base case: the empty array B[1,...,0] is trivially sorted.
Induction step (k — k + 1):

m wlog Afi] < A[j],i <m,j <r.

m Bl[l,..., k] is sorted by hypothesis and B[k] < A[i].

m After B[k + 1] < A[i] B[1,...,k+ 1] is sorted.

m Bk+1]=A[] < Ali+1] (ifi+1 <m)and Blk + 1] < A[j]ifj <.

m k< k+ 1,7+ i+ 1: Statement holds again.



Analysis (Merge)

If: array A with lengthn, indexes 1 <[l <r <n.m=[(l+r)/2]
and All,...,m|, Ajm +1,...,r| sorted.

Then: in the call of Merge(A,l, m,r) a number of ©(r — 1) key
movements and comparisons are executed.

Proof: straightforward(Inspect the algorithm and count the
operations.)
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Algorithm recursive 2-way Mergesort(A, [, )

Input : Array A with lengthn. 1 <1 <r<n

Output : Array All, ..., r] sorted.

if [ <r then
m <+ |(I+71)/2] // middle position
Mergesort(A, [, m) // sort lower half
Mergesort(A,m + 1,r) // sort higher half

Merge(A, L, m,r) // Merge subsequences



Analysis

Recursion equation for the number of comparisons and key
movements:

n

cm) = C(|5])+C(|5)) +6m



Analysis

Recursion equation for the number of comparisons and key
movements:

C(n) = O( [gb ol [SJ) +0(n) € O(nlogn)



Algorithm StraightMergesort(A)

Avoid recursion: merge sequences of length 1, 2,4, ... directly

Input : Array A with length n
Output : Array A sorted
length < 1
while length < n do // Iterate over lengths n
r <0
while r + length < n do // Iterate over subsequences
l—r+1
m < |+ length — 1
r < min(m + length,n)
Merge(A, [, m, )

 length < length - 2




Analysis

Like the recursive variant, the straight 2-way mergesort always
executes a number of ©(n logn) key comparisons and key
movements.



Natural 2-way mergesort

Observation: the variants above do not make use of any presorting
and always execute O(n log n) memory movements.

@ How can partially presorted arrays be sorted better?



Natural 2-way mergesort

Observation: the variants above do not make use of any presorting
and always execute O(n log n) memory movements.

@ How can partially presorted arrays be sorted better?

@ Recursive merging of previously sorted parts (runs) of A.
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Algorithm NaturalMergesort(A)

Input : Array A with length n > 0
Output : Array A sorted
repeat
r<0
while » < n do
[+—r+1
m < [; while m < n and Ajm + 1] > A[m] do m <~ m +1
if m <n then
r < m+1; while r <n and A[r +1] > A[rjdo r < r+1
Merge(A, I, m, r);

else
réi-n

until [ =1



Analysis

In the best case, natural merge sort requires only n — 1
comparisons.

In the worst case and on average, natural merge sort requires
©(nlogn) comparisons and memory movements.
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