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m Exercises availabe at lectures.

m Preliminary discussion in the following recitation session

m Solution of the exercise until the day before the next recitation session.
m Dicussion of the exercise in the next recitation session.



Exercises

m The solution of the weekly exercises is voluntary but stronly
recommended.
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It is so simple!

For the exercises we use an online development environment that requires
only a browser, internet connection and your ETH login.

If you do not have access to a computer: there are a a lot of computers publicly
accessible at ETH.



Algorithmen und Datenstrukturen, T. Ottmann, P. Widmayer,
Spektrum-Verlag, 5. Auflage, 2011

Algorithmen - Eine Einfiihrung, T. Cormen, C. Leiserson, R. Rivest, C. Stein,
Oldenbourg, 2010

Introduction to Algorithms, T. Cormen, C. Leiserson, R. Rivest, C. Stein , 3rd
ed., MIT Press, 2009

The C++ Programming Language, B. Stroustrup, 4th ed., Addison-Wesley,
2013.

The Art of Multiprocessor Programming, M. Herlihy, N. Shavit, Elsevier,
2012.



Relevant for the exam

Material for the exam comprises

m Course content (lectures, handout)
m Exercises content (exercise sheets, recitation hours)



Relevant for the exam

Written exam (150 min). Examination aids: four a4 pages. No constraints
regarding content and layout (text, images, single/double page, margins,
font size, etc.).

The exam will most likely be performed in hybrid form (on paper and at the
computer).



m Doing the weekly exercise series — bonus of maximally 0.25 of a grade
point for the exam.

m The bonus is proportional to the achieved points of specially marked
bonus-task. The full number of points corresponds to a bonus of 0.25 of
a grade point.

m The admission to the specially marked bonus tasks can depend on the
successul completion of other exercise tasks. The achieved grade bonus
expires as soon as the course has been given again.



Offer (Concretely)

m 3 bonus exercises in total; 2/3 of the points suffice for the exam bonus of
0.25 marks

m You can, e.g. fully solve 2 bonus exercises, or solve 3 bonus exercises to
66% each, or ...

m Bonus exercises must be unlocked (— experience points) by successfully
completing the weekly exercises

m It is again not necessary to solve all weekly exercises completely in
order to unlock a bonus exercise

m Details: exercise sessions, online exercise system (Code Expert)



Academic integrity

Rule: You submit solutions that you have written yourself and that you
have understood.

We check this (partially automatically) and reserve our rights to adopt
disciplinary measures.



Should there be any Problems ...

m with the course content

m definitely attend all recitation sessions
m ask questions there
m and/or contact the assistant

m further problems

m Email to chef assistant (Aritra Dhar) or lecturer (Felix Friedrich)

m We are willing to help.



1. Introduction

Overview, Algorithms and Data Structures, Correctness, First Example
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Goals of the course

m Understand the design and analysis of fundamental algorithms and data
structures.
m An advanced insight into a modern programming model (with C++).

m Knowledge about chances, problems and limits of the parallel and
concurrent computing.



Contents

\
data structures / algorithms ’
The notion invariant, cost model, Landau notation Minimum Spanning Trees, Fibonacci Heaps
algorithms design, induction shortest paths, Minimum Spanning Tree, Max-Flow
searching, selection and sorting Fundamental algorithms on graphs,
amortized analysis  dictionaries: hashing and search trees
dynamic programming
>
prorgamming with C++
RAII, Move Konstruktion, Smart Pointers, promises and futures
Templates and generic programming threads, mutex and monitors
Exceptions functors and lambdas .
4

parallel programming

parallelism vs. concurrency, speedup
(Amdahl/Gustavson), races, memory
reordering, atomic registers, RMW
(CAS,TAS), deadlock/starvation
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1.2 Algorithms

[Cormen et al, Kap. 1; Ottman/Widmayer, Kap. 1.1]
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Algorithm

Well-defined procedure to compute output data from input data



Example Problem: Sorting

Input: A sequence of n numbers (comparable objects) (ai,as,...,a,)
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Example Problem: Sorting

Input: A sequence of n numbers (comparable objects) (ai,as,...,a,)
Output: Permutation (a),a, ..., al,) of the sequence (a;)1<i<n, such that
aigaégga%

Possible input

(1,7,3), (15,13,12, —0.5), (999, 998,997,996, . .., 2, 1), (1), () ...




Example Problem: Sorting

Input: A sequence of n numbers (comparable objects) (ai,as,...,a,)
Output: Permutation (a),a, ..., al,) of the sequence (a;)1<i<n, such that
aigaégga%

Possible input

(1,7,3), (15,13,12, —0.5), (999, 998,997,996, . .., 2, 1), (1), () ...

Every example represents a problem instance

The performance (speed) of an algorithm usually depends on the problem
instance. Often there are “good” and “bad” instances.

Therefore we consider algorithms sometimes "in the average” and most
often in the "worst case”.



Possible solution

How many times are the lines executed each?

void sort(std::vector<int> a){
std::size n = a.size()
for (std::size i = 0; i<n ; ++i)
for (std::size j = i+1; j<n; ++j)
if (alj] < alil)
std::swap(alil,aljl)



Data Structures

lucid, systematic,
and penetrating
treatment of basic
and dynamic data
structures, sorting,
recursive algorithms,
language structures,
and compiling NIKLAUS WIRTH

m A data structure is a particular way of
organizing data in a computer so that they
can be used efficiently (in the algorithms
operating on them).

m Programs = algorithms + data structures. o

COMPUTATION
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Examples for algorithmic problems

m Tables and statistis: sorting, selection and searching
m routing: shortest path algorithm, heap data structure

m DNA matching: Dynamic Programming

m evaluation order: Topological Sorting

m autocompletion and spell-checking: Dictionaries / Trees
m fast lookup : Hash-Tables

m the Travelling Salesman: Dynamic Programming, Minimum Spanning
Tree, Simulated Annealing

20



Characteristics

m Extremely large number of potential solutions
m Practical applicability

21
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Typical Design Steps

1.

Specification of the problem: find best (shortest
time) path from A to B

. Abstraction: graph with nodes, edges and

egde-weights
Idea (heureka!): Dijkstra e
Data-structures and algorithms: e.g. adjacency

matrix / adjacency list, min-heap, hash-table ...

Runtime analysis: O((n +m) - logn)

Implementation: Representation choice (e.g.

adjacency matrix/ adjacency list/ objects)

23



Difficult Problem: Travelling Salesman

Given: graph (map) with nodes (cities)
and weighted edges (roads with
length)

Wanted: Loop road through all cities
such that each city is visited once
(Hamilton-cycle) with minimal overall
length.

The best known algorithm has a running time that increase exponentially
with the number of nodes (cities).
Already finding a Hamilton cycle is a difficult problem in general. In contrast, the

problem to find an Eulerian cycle, a cycle that uses each edge once, is a problem with
polynomial running time.

24



Hard problems.

m NP-complete problems: no known efficient solution (the existence of
such a solution is very improbable - but it has not yet been proven that

there is none!)
m Example: travelling salesman problem

This course is mostly about problems that can be solved efficiently (in
polynomial time).

25



m If computers were infinitely fast and had an infinite amount of memory ...

m ... then we would still need the theory of algorithms (only) for
statements about correctness (and termination).

26



m If computers were infinitely fast and had an infinite amount of memory ...

m ... then we would still need the theory of algorithms (only) for
statements about correctness (and termination).

Reality: resources are bounded and not free:

m Computing time — Efficiency
m Storage space — Efficiency

Actually, this course is nearly only about efficiency.
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2. Efficiency of algorithms

Efficiency of Algorithms, Random Access Machine Model, Function Growth,
Asymptotics [Cormen et al, Kap. 2.2,3,4.2-4.4 | Ottman/Widmayer, Kap. 11]

27



Efficiency of Algorithms

Goals

m Quantify the runtime behavior of an algorithm independent of the
machine.

m Compare efficiency of algorithms.

m Understand dependece on the input size.

28



Programs and Algorithms

Technology Abstraction
program algorithm
implemented in specified in
b ~-
programming language pseudo-code
specified for based on
~lr ~

computer computation model

29



Technology Model

Random Access Machine (RAM) Model

m Execution model: instructions are executed one after the other (on
one processor core).
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m Unit cost model: fundamental operations provide a cost of 1.



Technology Model

Random Access Machine (RAM) Model

m Execution model: instructions are executed one after the other (on
one processor core).

m Memory model: constant access time (big array)

m Fundamental operations: computations (+,—,-,...) comparisons,
assignment / copy on machine words (registers), flow control (jumps)

m Unit cost model: fundamental operations provide a cost of 1.

m Data types: fundamental types like size-limited integer or floating
point number.



Size of the Input Data

m Typical: number of input objects (of fundamental type).

m Sometimes: number bits for a reasonable / cost-effective representation
of the data.

m fundamental types fit into word of size : w > log(sizeof(mem)) bits.
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For Dynamic Data Strcutures

Pointer Machine Model

m Objects bounded in size can be dynamically allocated in constant
time

m Fields (with word-size) of the objects can be accessed in constant
time 1.

top Ty @ Tn—1 @----- > 1 e—— null
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Asymptotic behavior

An exact running time of an algorithm can normally not be predicted even
for small input data.

m We consider the asymptotic behavior of the algorithm.
m And ignore all constant factors.

An operation with cost 20 is no worse than one with cost 1
Linear growth with gradient 5 is as good as linear growth with gradient
1.

33



2.2 Function growth

0O, 6, Q [Cormen et al, Kap. 3; Ottman/Widmayer, Kap. 11]
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Superficially

Use the asymptotic notation to specify the execution time of algorithms.

We write ©(n?) and mean that the algorithm behaves for large n like n?:
when the problem size is doubled, the execution time multiplies by four.

36



More precise: asymptotic upper bound

provided: a function g : N — R.

Definition:!
O(g) ={f: N = R|
de¢>0,dng € N:
Vn>nyg:0< f(n) <c-g(n)}
Notation:

TAusgesprochen: Set of all functions f : N — R that satisfy: there is some (real
valued) ¢ > 0 and some ny € N such that 0 < f(n) < n - g(n) for all n > ny.
37



g(n) = n?

f€0(g)
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g(n) = n?

f€0(g)
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Converse: asymptotic lower bound

Given: a function g : N — R.
Definition:

Qg) ={f: N=R|
dec>0,dng € N :
Vn>mng:0<c-g(n) < f(n)}

39
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Asymptotic tight bound

Given: function g : N — R.
Definition:

O(g) == Q(g) N O(g).

Simple, closed form: exercise.

41



g(n) = n?

f €06(n?

h(n) = 0.5-n?

42



Notions of Growth
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double logarithmic
logarithmic

like the square root
linear
superlinear / loglinear
quadratic

polynomial
exponential

factorial

array access

interpolated binary sorted sort

binary sorted search

naive prime number test

unsorted naive search

good sorting algorithms
simple sort algorithms

matrix multiply

Travelling Salesman Dynamic Programming
Travelling Salesman naively
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“Large” n
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Logarithms
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Time Consumption

Assumption 1 Operation = 1us.

problem size 1 100 10000 10° 10°
logy n lus
n lus
nlogsn lus
n? lus

2" lus
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Time Consumption

Assumption 1 Operation = 1us.

problem size 1 100 10000 10° 109
logy n lus

n lus 100pus 1/100s 1s 17 minutes
nlogsn lus

n? lus

2" lus
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Time Consumption

Assumption 1 Operation = 1us.

problem size 1 100 10000 109 10°

logy n lus

n lus 100us 1/100s 1s 17 minutes
nlogsn lus

n? lus 1/100s 1.7 minutes 11.5days 317 centuries

2" lus
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Time Consumption

Assumption 1 Operation = 1us.

problem size 1 100 10000 10° 109

logy n lus Tus 13pus 20us 30us

n lus 100us 1/100s 1s 17 minutes
nlogsn lus

n? lus 1/100s 1.7 minutes 11.5days 317 centuries

2" lus

48



Time Consumption

Assumption 1 Operation = 1us.

problem size 1 100 10000 109 10°

logy n lus Tus 13pus 20us 30us

n lus 100us 1/100s 1s 17 minutes
nlogyn 1us 700 13/100pus 20s 8.5 hours
n? lus 1/100s 1.7 minutes 11.5days 317 centuries

2" lus

48



Time Consumption

Assumption 1 Operation = 1us.

problem size 1 100 10000 109 10°

logy n lus Tus 13pus 20us 30us

n lus 100us 1/100s 1s 17 minutes
nlogyn 1us 700 13/100pus 20s 8.5 hours
n? lus 1/100s 1.7 minutes 11.5days 317 centuries

2n 1us 10 centuries ~ 00 ~ 00 ~ 00
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About the Notation

Common casual notation

should be read as f € O(g).
Clearly it holds that

J1=0(9), f2=0(g) # fr = fo!

n = O(n?),n? = O(n?) but naturally n # n?.

We avoid this notation where it could lead to ambiguities.

50



Reminder: Efficiency: Arrays vs. Linked Lists

m Memory: our avec requires roughly n ints (vector size n), our 1lvec
roughly 3n ints (a pointer typically requires 8 byte)

m Runtime (with avec = std: :vector, 11lvec = std: :1list):

prepending (insert at front) [100,000x]: removing randomly [10,000x]:
> > avec: 3 ms
» llvec: 10 ms >

appending (insert at back) [100,000x]: inserting randomly [160,000x]:
» avec: 2 ms » avec: 16 ms

- -

removing first [100,000x]: fully iterate sequentially (5000 elements) [5,000x]:
> » avec: 354 ms
» llvec: 4 ms >

removing last [100,000x]:
> avec: 0 ms

>

51



Asymptotic Runtimes

With our new language (2, ©, ©), we can now state the behavior of the
data structures and their algorithms more precisely

Typical asymptotic running times (Anticipation!)

Data structure Random Insert Next Insert Search
Access After
Element
std: :vector O(1) O(1) A O(1) O(n) O(n)
std::list O(n) o(1) o(1) o(1) O(n)
std::set = O(logn) O(logn) = O(logn)
std: :unordered_set || — e(1) P = = e(1) P

A = amortized, P=expected, otherwise worst case

52



Complexity

Complexity of a problem P

Minimal (asymptotic) costs over all algorithms A that solve P.



Complexity

Complexity of a problem P

Minimal (asymptotic) costs over all algorithms A that solve P.

Complexity of the single-digit multiplication of two numbers with n
digits is Q(n) and O(n'°#s2) (Karatsuba Ofman).



Complexity

Problem  Complexity O(n) O(n) On?) Qnlogn)
fr ) 4

Algorithm Costs? 3n—4 O(n) O(n? Qnlogn)
4 T 4

Program  Executiontime  ©(n) O(n) O(n?) Q(nlogn)

2Number fundamental operations
54



3. Examples

Show Correctnes of an Algorithm or its Implementation, Recursion and
Recurrences
[References to literatur at the examples]
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3.1 Ancient Egyptian Multiplication

Ancient Egyptian Multiplication- Example on how to show correctness of
algorithms.

56



Ancient Egyptian Multiplication

3

Compute 11-9

11| 9 911

3Also known as russian multiplication
57



Ancient Egyptian Multiplication

3
Compute 11-9

1. Double left, integer division by 2
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Ancient Egyptian Multiplication

3
Compute 11-9

1. Double left, integer division by 2

on the right

111 9 9|11
22| 4 181 5

3Also known as russian multiplication
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Ancient Egyptian Multiplication

3
Compute 11-9
1. Double left, integer division by 2

1119 9111 on the right
22| 4 18] 5
44| 2 36 | 2

3Also known as russian multiplication
57



Ancient Egyptian Multiplication

3

Compute 11-9
1. Double left, integer division by 2

1179 9|11 on the right

22| 4 18| 5 b he righ

a4 | 2 36| 2 2. E\l/-en.num er on the right =
88| 1 790 1 eliminate row.

3Also known as russian multiplication
57



Ancient Egyptian Multiplication

3

Compute 11-9
1. Double left, integer division by 2

ol o111 on the right

22-——4 18] 5 )
442 2. Even number on the right =
88| 1 721 1 eliminate row.

3Also known as russian multiplication
57



Ancient Egyptian Multiplication

3

Compute 11-9

1119 911 -
224 18| 5
44l 2.
83| 1 721 1

3Also known as russian multiplication

Double left, integer division by 2
on the right

Even number on the right =
eliminate row.

Add remaining rows on the left.

57



Ancient Egyptian Multiplication

3
Compute 11-9
1. Double left, integer division by 2

119 I 1 on the right

22— 181 5 .

449 269 2. Even number on the right =

sl 1 79| 1 eliminate row.

99 | — 99 3. Add remaining rows on the left.

3Also known as russian multiplication
57



Advantages

m Short description, easy to grasp

m Efficient to implement on a computer: double = left shift, divide by 2 =
right shift

left shift 9 = 010015 — 100105 = 18
right shift 9 = 01001, — 00100, = 4

58



Questions

m For which kind of inputs does the algorithm deliver a correct result (in
finite time)?

m How do you prove its correctness?
m What is a good measure for its efficiency?

59



The Essentials

Ifb > 1,a € Z, then:

) 2a- % if b even,
a-b= )
a+2a-2%2 ifbodd.
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Termination

a fallsb =1,
b if b even,
a+2a-=1 ifbodd.

61



Recursively, Functional

a ifb=1,
fla,b) =< f(2a,?) if b even,
a+ f(2a,%5*) if bodd.
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Implemented as a function

// pre: b>0
// post: return a*b
int f(int a, int b){
if (b==1)
return a;
else if (b%2 == 0)
return f(2*a, b/2);
else
return a + f(2%a, (b-1)/2);

63



Correctnes: Mathematical Proof

a ifb=1,
fla,b) =< f(2a,3%) if b even,
a+ f(2a- L) ifbodd.

Remaining to show: f(a,b) =a-bfora € Z,b € N*.

64



Correctnes: Mathematical Proof by Induction

Let a € Z, to show f(a,b) =a-b Vbe NT.

Base clause: f(a,1) =a=a-1

Hypothesis: f(a,b/) =a-V VO <b <b

Step: f(a,b)=a-b YO<V <b= f(a,b+1)=a-(b+1)

0<-<b
b+1,
F(2a, 222y 0 (b+1)  ifb>0o0dd,
flab+1)= 20 _
a+ f(2a, 3 )= a+a-b ifb>0even.
<~

0<-<b

65



[Code Transformations: End Recursion]

The recursion can be writen as end recursion

// pre: b>0
// pre: b>0 // post: return ax*b
// post: return a*b int f(int a, int b){
int f(int a, int b){ if (b==1)
if (b==1) return a;
return a; _) int z=0;
else if (b%2 == 0) if (b%2 !'= 0){
return f(2*a, b/2); --b;
else z=a;
return a + f(2*a, (b-1)/2); }
} return z + f(2*a, b/2);

}
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[Code-Transformation: End-Recursion = Iteration]

int f(int a, int b) {
int res = 0;

// pre: b>0 while (b != 1) {
// post: return a*b int z = 0:
int f(int a, int b){ if (b Y 2’|= 0{
if (b==1) T
return a; _.
int z=0; _) } z=3a;
if (b%2 != 0){ res 4= z;
;;z a *= 2; // new a
Y ’ b /= 2; // new b
return z + f(2*a, b/2); ¥

res += a; // base case b=1"

}

return res;

} 67



[Code-Transformation: Simplify]

int f(int a, int b) {
int res = 0;
while (b !'= 1) {
int z = 0;
if (b % 2 '=0){
--b; ——> part of the division
z = a;— directly in res
} —
res += z;
a = 2;
b /= 2;
}
res +=
return

}

a; —» into the loop

res;

// pre: b>0
// post: return ax*b
int f(int a, int b) {
int res = O;
while (b > 0) {
if (b % 2 '=0)
res += a;
a *x= 2;
b /= 2;
}
return res;

}
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Correctness: Reasoning using Invariants!

// pre: b>0
// post: return axb
int £(int a, int b) { letz:=a-b.
int res = 0;
while (b > 0) {
if (b % 2 1= 0){
res += a;
__b;
}
a *= 2;
b /= 2;
}

return res;

} 69
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}
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Correctness: Reasoning using Invariants!

// pre: b>0
// post: return axb
int f£(int a, int b) { letz :=a-b.

int res = 0;
while (b > 0) { here: z ={a - b + res]
if (b % 2 1= 0){
res += a;
}
a k= 2;
b /= 2;
}
return res;

} 69

ifherex=a-b+res..

.. thenalso herez =a-b+ res



Correctness: Reasoning using Invariants!

// pre: b>0
// post: return axb
int £(int a, int b) { letz :=a-b.

int res = 0;
‘ here: x = a - b+ res
while (b > 0) { ‘

if (b % 2 '=0){

ifherex=a-b+res..

res += a;
__b;
¥ .. thenalso herez =a-b+ res
b even
a *= 2;
b /= 2;

return res;

3
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Correctness: Reasoning using Invariants!

// pre: b>0
// post: return axb
int £(int a, int b) { letz :=a-b.

int res = 0;
‘ here: x = a - b+ res
while (b > 0) { ‘

if (b % 2 '=0){

ifherex=a-b+res..

res += a;
__b;
¥ .. thenalso herez =a-b+ res
b even
a *= 2;
b /= 2;

¥ here:x =a-b+ res

return res;

3
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Correctness: Reasoning using Invariants!

// pre: b>0
// post: return axb
int £(int a, int b) { letz :=a-b.

int res = 0;
‘ here: x = a - b+ res
while (b > 0) { ‘

if (b % 2 '=0){

ifherex=a-b+res..

res += a;
__b;
¥ .. thenalso herez =a-b+ res
b even
a *= 2;
b /= 2;

here:x =a-b+ res

}
here:x =a-b+resandb=0

return res;

3
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Correctness: Reasoning using Invariants!

// pre: b>0
// post: return axb
int £(int a, int b) { letz :=a-b.

int res = 0;
‘ here: x = a - b+ res
while (b > 0) { ‘

if (b % 2 '=0){

ifherex=a-b+res..

res += a;
__b;
¥ .. thenalso herez =a-b+ res
b even
a *= 2;
b /= 2;

¥ here:x =a-b+ res
here:x =a-b+resandb=0
return res;
} therefore res = x.
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Conclusion

The expression a - b+ res is an invariant

m Values of q, b, res change but the invariant remains basically
unchanged: The invariant is only temporarily discarded by some
statement but then re-established. If such short statement sequences
are considered atomic, the value remains indeed invariant

m In particular the loop contains an invariant, called loop invariant and
it operates there like the induction step in induction proofs.

m Invariants are obviously powerful tools for proofs!

70



3.2 Fast Integer Multiplication

[Ottman/Widmayer, Kap. 1.2.3]
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Example 2: Multiplication of large Numbers

Primary school:
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Example 2: Multiplication of large Numbers

Primary school:
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Example 2: Multiplication of large Numbers

Primary school:

d-b
d-a
c-b
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Example 2: Multiplication of large Numbers

Primary school:

a b c d
6 2 3 7
1 4\d-b
2 d-a
6 c-b
1 c-a
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Example 2: Multiplication of large Numbers

Primary school:

a b c d
6 2 3 7
1 4\d-b
2 d-a
6 c-b
1 c-a
2 9 4
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Example 2: Multiplication of large Numbers

Primary school:

d-b
d-a
c-b
c-a

2 -2 = 4 single-digit multiplications.
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Example 2: Multiplication of large Numbers

Primary school:
a b

d-a

C
37

1 4)d-b
2

6

c-b

—_
0]

c-a

2 -2 = 4 single-digit multiplications. = multiplication of two n-digit
numbers: n? single-digit multiplications

76



ab-cd=(10-a+0b)-(10-c+d)
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ab-cd=(10-a+0b)-(10-c+d)
=100-a-c+10-a-c
+10-b-d+0b-d
+10-(a—10)-(d—c)
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Improvement?
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Improvement?

a b c d
6 2 - 37
1 4(1d-b
1 4 d-b
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Improvement?

a b d

6 2 -
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Improvement?

a b
6 2 -

IN{IEN|

d-b
d-b
(a—0b)-(d—c)

c-a

—_
0 = HIWO
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Improvement?

a b c d
6 2 3 7
1 4(1d-b
1 4 d-b
16 (a—10b)-(d—rc)
1 8 c-a
1 8 c-a
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Improvement?

a b c d
6 2 3 7
1 4(1d-b
1 4 d-b
16 (a—10b)-(d—rc)
1 8 c-a
1 8 c-a
= 2 2 9 4

78



Improvement?

d-b
(a—10b)-(d—rc)
c-a
c-a

O O = WD

— 3 single-digit multiplications.
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Large Numbers

6237 - 5898 = 62 37 - 58 98
==

a’ b c d’

Recursive / inductive application: compute ' -, a’ -d', v - ¢ and ¢ - d’ as
shown above.
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Large Numbers

6237 - 5898 = 62 37 - 58 98
==

a’ b c d’

Recursive / inductive application: compute ' -, a’ -d', v - ¢ and ¢ - d’ as
shown above.
— 3 -3 =9 instead of 16 single-digit multiplications.
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Generalization

Assumption: two numbers with n digits each, n = 2* for some k.

(1026 +b) - (10"%c+d) = 10" -a-c+ 10"* - a - ¢
+10"%.b-d+b-d
+10"% . (a—b) - (d—c)

Recursive application of this formula: algorithm by Karatsuba and Ofman (1962).
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Algorithm Karatsuba Ofman

Input:  Two positive integers x and y with n decimal digits each: (x;)1<i<n,
(yi)1<i<n
Output: Product z -y

if n =1 then
| return 1 -y

else
Let m := | 5|
Divide a := (z1,...,Zm), b := (Tmst1,- - Tn), €= (Y1, -+, Ym),
d:= (ym-i-la'-wyn)
Compute recursively A:=a-¢, B:=b-d, C:=(a—b)-(d—c¢)
Compute R:=10"-A+10m- A+ 10"-B+ B+ 10™-C

_ return R
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M (n): Number of single-digit multiplications.
Recursive application of the algorithm from above = recursion equality:

| if k=0,
M) = {3 CM(2Y) ifk > 0. R)
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Iterative Substition

Iterative substition of the recursion formula in order to guess a solution of
the recursion formula:

M(2F) =3 M (2%
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Iterative Substition

Iterative substition of the recursion formula in order to guess a solution of
the recursion formula:

M%) =3- M2 =3-3- M(2"2) =32. M(2"?)
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Iterative Substition

Iterative substition of the recursion formula in order to guess a solution of
the recursion formula:

M%) =3- M2 =3-3- M(2"2) =32. M(2"?)

3% M(2°) = 3.
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Proof: induction

Hypothesis H(k):
M(2%) = F(k) := 3*. (H)
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Proof: induction

Hypothesis H(k):
M(2%) = F(k) := 3*. (H)

Claim:

H (k) holds for all k& € N,.
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Proof: induction

Hypothesis H(k):
M(2%) = F(k) := 3*. (H)

Claim:

H(k) holds for all k e N.

Base clause £ = 0:
M@ E1=F(0). v
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Proof: induction

Hypothesis H(k):
M(2%) = F(k) := 3*. (H)

Claim:

H(k) holds for all k e N.

Base clause k = 0: o
M(2°) =1=F(0). v
Induction step H(k) = H(k + 1):

M2 £ 3. a2k Hk) o Fk)y=3""=Fk+1). v
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Comparison

Traditionally n? single-digit multiplications.
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Comparison

Traditionally n? single-digit multiplications.
Karatsuba/Ofman:

M(n) — 3log2n — (210g2 3)log2n — 2log23log2n — nlog23 ~ n1,58.
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Comparison

Traditionally n? single-digit multiplications.
Karatsuba/Ofman:

M(n) — 3log2n — (210g2 3)log2n — 2log23log2n — nlog23 ~ n1,58.

Example: number with 1000 digits: 1000?/1000!°® ~ 18.
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Best possible algorithm?

We only know the upper bound n'o23,

There are (for large n) practically relevant algorithms that are faster.
Example: Schonhage-Strassen algorithm (1971) based on fast
Fouriertransformation with running time O(nlogn - loglogn). The best
upper bound is not known. *

Lower bound: n. Each digit has to be considered at least once.

“In March 2019, David Harvey and Joris van der Hoeven have shown an O(nlogn)

algorithm that is practically irrelevent yet. It is conjectured, but yet unproven that this is
the best lower bound we can get.
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Appendix: Asymptotics with Addition and Shifts

Assumption: n = 2%, k > 0

T2 =37 (2") - 2F
=3-(3- T2 +c 2" 4.2k
=3-3-3-T(2F %) 4c- 282 c- 28 1) pc. 2
=3-3-(..3-T@" ™) +c-2Y) ) +c- 2 4 ¢ 2P
k 132 3’;_
i02 ’_1

= 38(d +2¢) — 2¢- 2%

Thus T'(2%) = 3F(d + 2c) — 2¢ - 2% € ©(3F) = ©(31°82) = O(n'o823).
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3.3 Maximum Subarray Problem

Algorithm Design — Maximum Subarray Problem [Ottman/Widmayer, Kap. 1.3]
Divide and Conquer [Ottman/Widmayer, Kap. 1.2.2. S.9; Cormen et al, Kap. 4-41]

89



Algorithm Design

Inductive development of an algorithm: partition into subproblems, use
solutions for the subproblems to find the overal solution.

Goal: development of the asymptotically most efficient (correct) algorithm.

Efficiency towards run time costs (# fundamental operations) or /and
memory consumption.

920



Maximum Subarray Problem

Given: an array of n real numbers (a4, ..., a,).
Wanted: interval [i, j], 1 <i < j < n with maximal positive sum 37 _. a.

a=(7,—11,15,110, —23, -3, 127, —12, 1)

50 |-
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Naive Maximum Subarray Algorithm

Input: A sequence of n numbers (a1, aq,...,ay)
Output: 7, J such that Zi:[ ag, maximal.

M+—0;1+1;,J+0
foriec {1,...,n} do
for j € {i,...,n} do
m=3%_;ak
if m > M then
| M+—m;I<+—14 J+3j

return [, J
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Analysis

The naive algorithm for the Maximum Subarray problem executes ©(n?)
additions.



Analysis

| heorems

The naive algorithm for the Maximum Subarray problem executes ©(n?)

additions.

Proof'

=1 j=1 i=175=0 =1 j=1 =1
i (i1 1 e
S =§@y+20
i=0 i=1 i=1
_ %(n(2n+?(n+1) n n(n2+ 1)) _ n3—|—322+2n —o?)
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J J i—1
S o - (z ) (X
k=i k=1 k=1
N ) N——
S, Si—1

Prefix sums
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Maximum Subarray Algorithm with Prefix Sums

Input: A sequence of n numbers (a1, as,...,ay)
QOutput: I, J such that Zi:J ap maximal.

So(—O
foriec {1,...,n} do // prefix sum
S St
M+—0,I1+1;,J+0
foric{1,...,n} do
for j € {i,...,n} do
m:Sj—Si_l
if m > M then
| M—m; I+, J<+j
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Analysis

The prefix sum algorithm for the Maximum Subarray problem conducts
O©(n?) additions and subtractions.



Analysis

The prefix sum algorithm for the Maximum Subarray problem conducts
O©(n?) additions and subtractions.

Proof:

n n n

Zl-l—iZl:n+2(n—i—|—1):n+2i:@(n2)

=1 =1 j=1 =1 i=1



divide et impera

Divide and Conquer

Divide the problem into subproblems that contribute to the simplified
computation of the overal problem.



divide et impera

Py —— Sy
P S
\ /

/ Py —— Sy \
Problem P Solution
\ - Py — Sy /

P S1

~
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Maximum Subarray — Divide

m Divide: Divide the problem into two (roughly) equally sized halves:
(ar,...,an) = (@1, Ans2)s  Anj2j41s---501)
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Maximum Subarray — Divide

m Divide: Divide the problem into two (roughly) equally sized halves:
(ar,...,an) = (@1, Ans2)s  Anj2j41s---501)
m Simplifying assumption: n = 2* for some k € IN.
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Maximum Subarray — Conquer

If 7 and ; are indices of a solution = case by case analysis:

1 n/2|n/2+1 n
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Maximum Subarray — Conquer

If 7 and ; are indices of a solution = case by case analysis:

1. Solutionin left half 1 <i < j <n/2

1 n/2|n/2+1 n
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Maximum Subarray — Conquer

If 7 and ; are indices of a solution = case by case analysis:

1. Solutionin left half 1 <i < j <n/2

2. Solution inright halfn/2 <i<j <n

1 n/2|n/2+1 n

929



Maximum Subarray — Conquer

If 7 and ; are indices of a solution = case by case analysis:
1. Solutionin left half 1 <i < j <n/2
2. Solution inright halfn/2 <i<j <n

3. Solutioninthemiddle1 <i<n/2<j<n

3)
1 n/2|n/2+1 n

929



Maximum Subarray — Conquer

If 7 and ; are indices of a solution = case by case analysis:
1. Solution in left half 1 <i < j < n/2 = Recursion (left half)
2. Solution inright halfn/2 <i<j <n

3. Solutioninthemiddle1 <i<n/2<j<n

(1)
1 n/2|n/2+1 n

929



Maximum Subarray — Conquer

If 7 and ; are indices of a solution = case by case analysis:
1. Solution in left half 1 <i < j < n/2 = Recursion (left half)
2. Solution in right half n/2 < i < j < n = Recursion (right half)

3. Solutioninthemiddle1 <i<n/2<j<n

(1) (2)
1 n/2|n/2+1 n

929



Maximum Subarray — Conquer

If 7 and ; are indices of a solution = case by case analysis:
1. Solution in left half 1 <i < j < n/2 = Recursion (left half)
2. Solution in right half n/2 < i < j < n = Recursion (right half)

3. Solution in the middle 1 <i < n/2 < j < n = Subsequent observation

(1) 3) (2)
1 n/2|n/2+1 n

929



Maximum Subarray — Observation

Assumption: solution inthe middle 1 <i<n/2<j<n

J

Smax = Mmax Zak
1<i<n/2 £~
n/2<j<n "
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Maximum Subarray — Observation

Assumption: solution inthe middle 1 <i<n/2<j<n

J n/2 J
Smax = Mmax Zak: max Zak—i— Z ag

1<i<n/2 \ ~~ B
nj2<j<n k=i k=n/2+1
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Maximum Subarray — Observation

Assumption: solution inthe middle 1 <i<n/2<j<n

J n/2 J
Smax = Mmax Zak: max Zak—i— Z ag

1<i<n/2 1<i<n/2

nj2<j<n k=i nj2<j<n k=i k=n/2+1
n/2 Y
= max_ Y ar+ max > a
1<i<n/2 <~ n/2<j<n
k=i k=n/2+1
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Maximum Subarray — Observation

Assumption: solution inthe middle 1 <i<n/2<j<n

1<i<n/2 1<i<n/2

J n/2 J
Smax = Mmax Zak = max Zak + Z ag
—

nj2<j<n *=" nj2<j<n \F=t k=n/2+1
n/2 J
= max_ Y ar+ max > a
1<i<n/2 ~~ nj2<j<n
k=i k=n/2+1

= Imnax Sn/Q — 51'71 + max Sj — Sn/2
1<i<n /2 e e 1/2< <N e

suffix sum prefix sum
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Maximum Subarray Divide and Conquer Algorithm

Input: A sequence of n numbers (a1, as, ..., ay)
Output: Maximal Zg:i, ag.
if n =1 then
. return max{a;,0}
else
Divide a = (a1,...,a,) in A1 = (a1,...,ay/2) und Az = (ay/241,- - -

Recursively compute best solution Wy in A
Recursively compute best solution Wy in As
Compute greatest suffix sum S in Ay
Compute greatest prefix sum P in Ao

Let W3+ S+ P

return max{W;, Wy, W3}

,an)
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Analysis

The divide and conquer algorithm for the maximum subarray sum prob-
lem conducts a number of ©(nlogn) additions and comparisons.
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Input: A sequence of n numbers (a1, as, ..., ay)
Output: Maximal Zgzi, ag.
if n =1 then
. return max{a;,0}
else
Divide a = (a1,...,a,) in A1 = (a1,...,a,/2) und A2 = (ap/241,-- -, an)

Recursively compute best solution Wy in A
Recursively compute best solution W5 in As
Compute greatest suffix sum S in Ay
Compute greatest prefix sum P in Ao

Let W3+ S+ P

return max{W;, Wy, W3}




Input: A sequence of n numbers (a1, as, ..., ay)
Output: Maximal Zgzi, ag.
if n =1 then
O(l) return max{a;,0}
else
O(1) Divide a = (a1,...,an) in A1 = (a1,...,a,/2) und Az = (ay/o41;,---,0n)
Recursively compute best solution Wy in A
Recursively compute best solution W5 in As
Compute greatest suffix sum S in Ay
Compute greatest prefix sum P in Ao
O(l) Let W3 <~ S+ P
O(L) return max{W, Wy, W3}




Input: A sequence of n numbers (a1, as, ..., ay)
Output: Maximal Zgzi, ag.
if n =1 then
O(l) return max{a;,0}
else
O(1) Divide a = (a1,...,an) in A1 = (a1,...,a,/2) und Az = (ay/o41;,---,0n)
Recursively compute best solution Wy in A
Recursively compute best solution W5 in As
) Compute greatest suffix sum S in A;
1) Compute greatest prefix sum P in As
1) Let W3+ S+ P
1) return max{Wy, Wy, W5}
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Input: A sequence of n numbers (a1, as, ..., ay)
Output: Maximal >, _., ay.
if n =1 then
O(l) return max{a;,0}
else
O(1) Divide a = (a1,...,an) in A1 = (a1,...,a,/2) und Az = (ay/o41;,---,0n)
T'(n/2) Recursively compute best solution W7 in A1

)
T(n/2) Recursively compute best solution W5 in As
©(n) Compute greatest suffix sum S in A;

1) Compute greatest prefix sum P in As

) Let W3+ S+ P

1) return max{Wy, Wy, W5}

O(
O(1
(

@O
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Recursion equation

c ifn=1
T(n) —
(n) {QT(;;) Ya-n ifn>1
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Mit n = 2%

_ ifk =

T(k) = T2 = 1€ k=0

2T(k—1)+a-2% ifk>0
Solution:
Tk)y=2-c+> 2-a-2""=c-2"+a-k-2*=0(k- 2"
=0

also

T(n) =0O(nlogn)
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Maximum Subarray Sum Problem - Inductively

Assumption: maximal value M,_, of the subarray sum is known for
(al, ce ,ai,l) (1 <1 < TL)

scan

a;: generates at most a better interval at the right bound (prefix sum).
R,1=R;= maX{R¢71 + a4, 0}
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Inductive Maximum Subarray Algorithm

Input: A sequence of n numbers (a1, az,...,an).
Output: max{0, max; ;> 5_. ax}.
M <+ 0
R+ 0
fori=1...ndo
R+ R+ a;

if R <0 then
L R+ 0

if R > M then
| M+ R

return M;
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Analysis

The inductive algorithm for the Maximum Subarray problem conducts a
number of ©(n) additions and comparisons.
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Complexity of the problem?

Can we improve over O(n)?
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Complexity of the problem?

Can we improve over O(n)?

Every correct algorithm for the Maximum Subarray Sum problem must
consider each element in the algorithm.
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Complexity of the problem?

Can we improve over O(n)?

Every correct algorithm for the Maximum Subarray Sum problem must
consider each element in the algorithm.

Assumption: the algorithm does not consider a;.
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Complexity of the problem?

Can we improve over O(n)?

Every correct algorithm for the Maximum Subarray Sum problem must
consider each element in the algorithm.

Assumption: the algorithm does not consider a;.

1. The algorithm provides a solution including a;. Repeat the algorithm
with a; so small that the solution must not have contained the point in
the first place.
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Complexity of the problem?

Can we improve over O(n)?

Every correct algorithm for the Maximum Subarray Sum problem must
consider each element in the algorithm.

Assumption: the algorithm does not consider a;.
1. The algorithm provides a solution including a;. Repeat the algorithm

with a; so small that the solution must not have contained the pointin
the first place.

2. The algorithm provides a solution not including a;. Repeat the
algorithm with «; so large that the solution must have contained the
point in the first place.

109



Complexity of the maximum Subarray Sum Problem

The Maximum Subarray Sum Problem has Complexity ©(n).

Proof: Inductive algorithm with asymptotic execution time O(n).
Every algorithm has execution time Q(n).
Thus the complexity of the problem is Q(n) N O(n) = O(n). |

10



3.4 Appendix

Derivation and repetition of some mathematical formulas

m



Logarithms

log,y=r<a"=y (a>0,y>0)

log,(x - y) = log, z + log, y a®-a¥ = a" "
x a”®
log, £ = log, o —1 g

log, ¥ = ylog, © a®? = (a”)?

log, n! = Zlogi
i=1

I 1
log, © = log, a - log, « a8t = g%

To see the last line, replace z — @'°%*
12



Trick

13



z": “(n4+1)-(2n+1)

i=0 6
Trick

n n n—1

o —(i-1P=> " -> i*=n

n n 3 n
.3 . 3 .3 .3 ) . K
" —(1—1)° = °—1°+3t“-3i+1l=n—=-n-(n+1)+3 )

; (i—1) ; 57 ( ) ;

“ 1
= Zi2 = 6(2713 +3n? +n) € O(n?)
=0

Can easily be generalized: 37" | i* € ©(nF*1).

M4



Geometric Series

i i 1_pn+1
p =
i=0 1-p
n n no n n+1
DA =p) =0 =3 P =)0 =D
1=0 1=0 =0 =0 =1
:p()_pn—l—l _ 1_pn+1
For0<p< I:
9]
Yopi=
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4. Searching

Linear Search, Binary Search, (Interpolation Search,) Lower Bounds
[Ottman/Widmayer, Kap. 3.2, Cormen et al, Kap. 2: Problems 21-3,2.2-3,2.3-5]

16



The Search Problem

Provided
m A set of data sets

telephone book, dictionary, symbol table

m Each dataset has a key .
m Keys are comparable: unique answer to the question k; < k, for keys &,
ko.

Task: find data set by key k.

m7



Search in Array

Provided

m Array A with n elements (A[1],..., A[n]).

m Key b

Wanted: index k, 1 < k < n with A[k] = b or "not found”.

22 | 20 | 32 | 10 | 35 | 24 | 42 | 38 | 28 | 41

1 2 3 4 5 6 7 8 9 10

18



Traverse the array from A[1] to A[n|.
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Traverse the array from A[1] to A[n|.
m Best case: 1 comparison.
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Traverse the array from A[1] to A[n|.

m Best case: 1 comparison.
m Worst case: n comparisons.
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Traverse the array from A[1] to A[n|.

m Best case: 1 comparison.
m Worst case: n comparisons.

m Assumption: each permutation of the n keys with same probability.
Expected number of comparisons for the successful search:
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Traverse the array from A[1] to A[n|.

m Best case: 1 comparison.
m Worst case: n comparisons.

m Assumption: each permutation of the n keys with same probability.
Expected number of comparisons for the successful search:
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Traverse the array from A[1] to A[n|.

m Best case: 1 comparison.
m Worst case: n comparisons.

m Assumption: each permutation of the n keys with same probability.
Expected number of comparisons for the successful search:

n+1

.22:2’

19



Search in a Sorted Array

Provided

m Sorted array A with n elements (A[1],..., A[n]) with
Al < A2 < -+ < Alnl.

m Key b

Wanted: index k, 1 < k < n with A[k] = b or "not found”.

10 | 20 | 22 | 24 | 28 | 32 | 35 | 38 | 41 | 42

1 2 3 4 5 6 7 8 9 10
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Divide and Conquer!

Search b = 23.
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Divide and Conquer!

Search b = 23.

10 | 20 | 22 | 24 | 28 | 32 | 35 | 38 | 41 | 42
1 2 3 4 5 6 7 8 9 10
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Divide and Conquer!

Search b = 23.

10 | 20 | 22 | 24 2|8 32 | 35 | 38 | 41 | 42 b <28
1 2 3 4 5 6 7 8 9 1
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Divide and Conquer!

Search b = 23.

10 | 20 | 22 | 24 2|8 32 | 35 | 38 | 41 | 42 b <28
1 3 4 5 6 7 8 9 1

2
10 4) 22 | 24 | 28 | 32 | 35 | 38 | 41 | 42 b> 20
1 2 3 4 5 6 7 8 9 10
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Divide and Conquer!

Search b = 23.

10 | 20 | 22 | 24 ZIB 32 | 35 | 38 41 42 b < 28
1 2 3 4 5 6 7 8 9 1
10 4) 22 | 24 | 28 | 32 | 35 | 38 41 42 b>20
1 2 3 4 5 6 7 8 9 10
10 | 20 | 22 | 24 | 28 | 32 | 35 | 38 41 42 b> 22
1 2 3 4 5 6 7 8 9 10
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Divide and Conquer!

Search b = 23.
10 20 22 24 ZIB 32 35 38 41 42 b< 28
1 2 3 4 5 6 7 8 9 1

10 4) 22 | 24 | 28 | 32 | 35 | 38 | 41 | 42 b> 20
1 2 3 4 5 6 7 8 9 10

0 | 20 | 22 | 24 | 28 | 32 | 35| 38 | 41 | 42 | b>22
1 2 3 4 5 6 7 8 9 10
10 | 20 | 22 glzl. 28 | 32 |35 |38 | 41| 42| b<24
1 2 3 5 6 7 8 9 10
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Divide and Conquer!

Search b = 23.

10 20 | 22 | 24| 28|32 35|38 | & |4 | b<os
1 2 3 4 5 6 7 8 9 1
10 2|o 22 | 24 | 28 | 32 | 35 | 38 | 41 | 42 | b>20
1 2 3 4 5 6 7 8 9 10
0|20 | 2 | 26|28 |32 |35 |38 | 41 | 42 b>22
1 2 3 4 5 6 7 8 9 10
10 | 20 | 22 3"} 28 | 32 | 35 [ 38 | 41 | 42 | b<24
1 2 3 5 6 7 8 9 10
10 | 20 | 22 | 24 | 28 | 32 | 35 | 38 | 41 | 42 erfolglos
1 2 EA
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Binary Search Algorithm  BSearch(A,[,r,b)

Input: Sorted array A of n keys. Key b. Bounds 1 <[,r <nmitl <r or
l=r+1
Output: Index m € [l,...,r + 1], such that A[i] <b for all [ <1i < m and
Ali] > bforallm < i <r.
m < [(I+71)/2]
if [ > r then // Unsuccessful search
‘ return |
else if b = A[m| then// found
return m
else if b < A[m| then// element to the left
- return BSearch(A,l,m —1,b)
else // b > A[m]: element to the right
‘ return BSearch(A,m + 1,7,b)
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Analysis (worst case)

Recurrence (n = 2F)

T(n) = d fallsn =1,
| T(n/2) +¢ fallsn > 1.

Compute:
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Analysis (worst case)

Recurrence (n = 2F)

T(n) = d fallsn =1,
| T(n/2) +¢ fallsn > 1.

Compute:

T() +logan-c=d+c-logyn € O(logn)
n
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Analysis (worst case)

d ifn=1,
T(n) = {T(n/Z) +c ifn>1.

Guess: T'(n) =d+c-logyn
Proof by induction:
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Analysis (worst case)

Tin) — d ifn=1,
() = T(n/2)+c ifn>1.

Guess: T'(n) =d+c-logyn
Proof by induction:
m Base clause: 7'(1) = d.
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Analysis (worst case)

Tin) — d ifn=1,
() = T(n/2)+c ifn>1.

Guess: T'(n) =d+c-logyn
Proof by induction:

m Base clause: 7'(1) = d.
m Hypothesis: T'(n/2) = d+ ¢ - logyn/2
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Analysis (worst case)

d ifn=1,
T(n) = {T(n/Z) +c ifn>1.

Guess: T'(n) =d+c-logyn
Proof by induction:

m Base clause: 7'(1) = d.
m Hypothesis: T'(n/2) = d+ ¢ - logyn/2
m Step: (n/2 — n)

T(n)=T(n/2)+c=d+c- (logyn —1)+c=d+ clogyn.
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Result

The binary sorted search algorithm requires ©(logn) fundamental oper-
ations in the worst case.
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Iterative Binary Search Algorithm

Input: Sorted array A of n keys. Key b.

Output: Index of the found element. 0, if unsuccessful.

<1, r+n

while [ < r do

m [(1+7)/2)

if Alm] =0 then
. return m

else if Ajm] < b then
Clem+1

else
‘ r<—m-—1

return NotFound;
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Correctness

Algorithm terminates only if A is empty or b is found.
Invariant: If b is in A then b is in domain A[l..r]

Proof by induction

m Base clause b € A[1..n] (oder nicht)

m Hypothesis: invariant holds after i steps.

m Step:
b< A[m]=be All.m — 1]
b> A[m|=be Alm+ 1..r]
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Binary Search (worst case): ©(logn) comparisons.
Does for any search algorithm in a sorted array (worst case) hold that
number comparisons = Q(logn)?
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Decision tree

b< A[3] b> A3] m Forany input b = A[i] the
algorithm must succeed =
decision tree comprises at
least n nodes.

5
m Number comparisons in worst
b>All] b < A[S] b > Al5] case = height of the tree =
maximum number nodes
from root to leaf.
4 6
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Decision Tree

Binary tree with height i has at most 20 + 2 + ... + 2" =20 — 1 < 2
nodes.
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Decision Tree

Binary tree with height i has at most 20 + 2 + ... + 2" =20 — 1 < 2
nodes.

2" > n = h > log,n

Decision tree with n node has at least height log, n.
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Decision Tree

Binary tree with height i has at most 20 + 2 + ... + 2" =20 — 1 < 2
nodes.
2" > n = h > log,n

Decision tree with n node has at least height log, n.
Number decisions = Q(logn).

Any comparison-based search algorithm on sorted data with length n
requires in the worst case Q(logn) comparisons.
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Lower bound for Search in Unsorted Array

Theorem 10

Any comparison-based search algorithm with unsorted data of length
n requires in the worst case Q(n) comparisons.
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Correct?

"Proof”: to find b in A, b must be compared with each of the n elements
Al (1 <i <n).
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Correct?

"Proof”: to find b in A, b must be compared with each of the n elements
Al (1 <i <n).
Wrong argument! It is still possible to compare elements within A.
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Better Argument

=l [T AT T[]

m Different comparisons: Number comparisons with b: ¢ Number
comparisons without b:

m Comparisons induce g groups. Initially g = n.
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Better Argument

P EN P

m Different comparisons: Number comparisons with b: e Number
comparisons without b: i

m Comparisons induce g groups. Initially g = n.
m To connect two groups at least one comparison is needed: n — g < 1.
m At least one element per group must be compared with b.
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Better Argument

P EN P

m Different comparisons: Number comparisons with b: e Number
comparisons without b: i

m Comparisons induce g groups. Initially g = n.

m To connect two groups at least one comparison is needed: n — g < 1.

m At least one element per group must be compared with b.

m Number comparisonsi+e>n—g+g=n. [ |
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5. Selection

The Selection Problem, Randomised Selection, Linear Worst-Case Selection
[Ottman/Widmayer, Kap. 3.1, Cormen et al, Kap. 9]
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The Problem of Selection

Input

m unsorted array A = (A, ..., A,) with pairwise different values
m Number1 <k <n.

Output Afi] with |{j : A[j] < A[i]}| =k —1

k = 1: Minimum: Algorithm with n comparison operations trivial.
k = n: Maximum: Algorithm with n comparison operations trivial.
k = |n/2]: Median.
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Naive Algorithm
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Naive Algorithm

Repeatedly find and remove the minimum ©(k - n).
— Median in ©(n?)
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Better Approaches
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Better Approaches

m Sorting (covered soon): ©(nlogn)
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Better Approaches

m Use a pivot: O(n) !
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141



1. Choose a (an arbitrary) pivot p

2. Partition A in two parts, and determine the rank of p by counting the
indices ¢ with A[i] < p.

141



1. Choose a (an arbitrary) pivot p

2. Partition A in two parts, and determine the rank of p by counting the
indices ¢ with A[i] < p.

141



1. Choose a (an arbitrary) pivot p

2. Partition A in two parts, and determine the rank of p by counting the
indices ¢ with A[i] < p.
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1. Choose a (an arbitrary) pivot p

2. Partition A in two parts, and determine the rank of p by counting the
indices ¢ with A[i] < p.

3. Recursion on the relevant part. If k¥ = r then found.

<l <|<|<s|<s|p|>]|>]>]>

1 T n
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Algorithm Partition(A,l,r, p)

Input: Array A, that contains the pivot p in A[l,...,r| at least once.
Output: Array A partitioned in [I,...,7] around p. Returns position of p.
while [ < r do
while A[l] < p do
Ll 1+1
while A[r] > p do
| r<r—1
swap(A[l], Ar])
if A[l] = A[r| then
Ll 141

return |-1
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Correctness: Invariant

Invariant I: A; <pVi € (0,1), A; > pVi € (r,n], Ik € [l,7] : Ax = p.
while [ < r do

while A[]] < p do !
Ll l+1 L und Al =
while A[r] > p do und A[l] = p
L r<r—1

I'und A[r] <p

swap(A[l], A[r])
if A[l] = A[r| then

| l+1+1
L I

return |-1

I'und A[l] < p < Alr]
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Correctness: progress

while [ < r do

while A[l] < p do progress if A[l] < p

Ll +1

while A[r] > p do progress if A[r] > p

| r+<r—1

swap(A[l], A[r]) progress if A[l] > p oder A[r] <p
if A[l] = Ar| then progress if A[l] = A[r] =p

Ll 1+1

return |-1
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Choice of the pivot.

The minimum is a bad pivot: worst case O(?)

P1
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P1 p2 b3 P4
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Choice of the pivot.

The minimum is a bad pivot: worst case O(n?)

p1 p2 p3 2! ps
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Choice of the pivot.

The minimum is a bad pivot: worst case O(n?)

p1 p2 p3 2! ps

A good pivot has a linear number of elements on both sides.
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Partitioning with factor ¢ (0 < ¢ < 1): two groups with ¢-n and (1 —¢) - n
elements (without loss of generality g > 1 — ¢).

T(n)<T(g-n)+c-n
log,(n)—1

<cntqgen+T(@ n)<..=cn Y ¢+T(1)
i=0

+d=0(n)

<cn Y ¢ +d:c-n-1
i=0 —q

N——
geom. Reihe
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How can we achieve this?

Randomness to our rescue (Tony Hoare, 1961). In each step choose a
random pivot.

[ =

N[ =

[ =

< a A ?
schlecht gute Pivots schlecht

Probability for a good pivot in one trial: 1 =: p.
Probability for a good pivot after k trials: (1 — p)*~! - p.

Expected number of trials: 1/p = 2 (Expected value of the geometric
distribution:)
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Algorithm Quickselect (A, 1, r, k)

Input: Array A with length n. Indices 1 <[ < k < r < n, such that for all
2 € All.a] : [{jIA[] < o} > 1 and |[j]A]j] < 2] < 7.
Output: Value x € A[l..r] with [{j|A[j] < z}| >k and |{jlz < A[j]}| >n—k+1
if |=r then
return A[l];

x < RandomPivot(A,[, )
m < Partition(A,l,r, )
if £ < m then

' return QuickSelect(A,l,m — 1,k)
else if £ > m then
\ return QuickSelect(A4,m+ 1,r k)
else

| return A[k]
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Algorithm RandomPivot (A4, ,r)

Input: Array A with length n. Indices 1 <[ <r <n
Output: Random “good” pivot = € A[l,...,7]
repeat
choose a random pivot = € A[l..r]
Pl
for j =1 tor do
‘ if A[jj]<zthenp<«+p+1

H 3l4r 4+3r
return x

This algorithm is only of theoretical interest and delivers a good pivot in 2
expected iterations. Practically, in algorithm QuickSelect a uniformly chosen
random pivot can be chosen or a deterministic one such as the median of three
elements.
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Median of medians

Goal: find an algorithm that even in worst case requires only linearly many
steps.

Algorithm Select (k-smallest)

m Consider groups of five elements.

m Compute the median of each group (straighforward)

m Apply Select recursively on the group medians.

m Partition the array around the found median of medians. Result: i

m If ; = k then result. Otherwise: select recursively on the proper side.
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Median of medians
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Median of medians

0 2 o

. groups of five

2. medians

3. recursion for pivot

4. base case

5. pivot (level 1)

6. partition (level 1)

7. median = pivot level 0

8. 2. recursion starts 151



Algorithmus MMSelect(A, [, k)

Input: Array A with length n with pair-wise different entries. 1 <[ < k <r <n,
All] < Ak V1<i<l, Ali] > Alk]Vr<i<n
Output: Value x € A with |{j|A[j] < z}| =k
m < MMChoose(A,[,r)
i < Partition(A,l,r,m)
if £ <1 then
| return MMSelect(A,l,i — 1,k)
else if k£ > ¢ then
| return MMSelect(A,i+ 1,7, k)
else
. return A[j]
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Algorithmus MMChoose(A, [, r)

Input: Array A with length n with pair-wise different entries. 1 <[ <r <n.
Output: Median m of medians
if r—1 <5 then

. return MedianOf5(A[l, ..., 7])

else
A"+ MedianOf5Array (AL, ..., r])

return MMSelect(A', 1,|A’], [%'J)
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How good is this?
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How good is this?

I |
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How good is this?

N O
N/ e
DDDDDDDDDDI]:[ N o
D D = 9 [
N

]
[
L]
]
[
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How good is this?

N O
N/ e
DDDDDDDDDDI]:[ N o
DDDDDDDDDDTWWDDDD@DDD
N Y o

m Number groups of five: [£], without median group: [£] — 1
®m Minimal number groups left / right of Mediangroup E([g] — 1)J
®m Minimal number of points less than / greater than m

a([51-0)] 223G -1)) =2(G -3 1) > 5 -

(Fill rest group with points from the median group)
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How good is this?

N O
N/ e
DDDDDDDDDDj@ N o

D D = 9 [
N Y o

m Number groups of five: [£], without median group: [£] — 1
®m Minimal number groups left / right of Mediangroup E([g] — 1)J
®m Minimal number of points less than / greater than m

1/Tn 1/n 1 3n
(12 =1)>3]2(==1)|>3(——=—-1) > —
3051 -1)] =25 - )| =2(55-3-1)> 5 -
(Fill rest group with points from the median group)
= Recursive call with maximally [ + 6] elements.
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Recursion inequality:

with some constant d.
Claim:
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Base clause:® choose c large enough such that
T(n) < c-nfuralle n < ng.
Induction hypothesis: H(n)
T(i) <c-ifurallei <n.

Induction step: H(k)x<n, — H(n)

roy < (2] ([ ] o

n ™m
§c~[5w+cwlo+6w+d-n (for n > 20).
51t will turn out in the induction step that the base case has to hold of some fixed
ng > 0. Because an arbitrarily large value can be chosen for c and because there is a
limited number of terms, this is a simple extension of the base case forn =1
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Induction step:

T(n)n>§200- Wﬂ%—c- Vn—i—GWde-n

5 10
7 9
§c-%+c+c-£~l—6c+c+d-n:E-c-n—l—é%c—l—d-n.
To show 9
Ing, Je | E-c-n—l—8c—|—d-n§cn Vn > ng

thus

Setdn< —m o n>-—%

L S T TV

Set, for example ¢ = 90d, ny = 91 =T(n) <enVn>ng |
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Result

Theorem 11

The k-th element of a sequence of n elements can, in the worst case, be
found in ©(n) steps.

158



Overview

1. Repeatedly find minimum O(n?)
2. Sorting and choosing A[i] O(nlogn)
3. Quickselect with random pivot O(n) expected
4. Median of Medians (Blum) O(n) worst case
i > i

< a A ?
schlecht gute Pivots schlecht
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5.1 Appendix

Derivation of some mathemmatical formulas
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[Expected value of the Geometric Distribution]

Random variable X € N* with P(X = k) = (1 —p)k~1 - p.
Expected value

k=1 k=1

=D kg kgt =3 (k+1) " — k"
k=1 k=0
> 1 1
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6. C++ advanced (I)

Repetition: Vectors, Pointers and Iterators,
Range for, Keyword auto, a Class for Vectors, Subscript-operator,
Move-construction, Iterators
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What do we learn today?

m Keyword auto

m Ranged for

m Short recap of the Rule of Three

m Subscript operator

m Move Semantics, X-Values and the Rule of Five
m Custom lIterators
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We look back...

#include <iostream>
#include <vector>
using iterator = std::vector<int>::iterator;

int main(){

// Vector of length 10

std: :vector<int> v(10);

// Input

for (int i = 0; i < v.size(); ++1i)
std::cin >> v[il;

// Output

for (iterator it = v.begin(); it != v.end(); ++it)
std::cout << *it << " ";



We look back...

#include <iostream>
#include <vector>
using iterator = std::vector<int>::iterator;

int main(){
// Vector of length 10
\std: :vector<int> v(10) ;K— We want to understand this in depth!
// Input
for (int i = 0; i < v.size(); ++1i)
std::cin >> v[il;
// Output
for (iterator it = v.begin(); it != v.end(); ++it)
std::cout << *it << " ";




We look back...

#include <iostream>
#include <vector>
using iterator = std::vector<int>::iterator;

int main(){
// Vector of length 10
\std: :vector<int> v(10) ;K— We want to understand this in depth!
// Input
for (int i = 0; i < v.size(); ++1i)
std::cin >> v[il;

// Output
for |(iterator it = v.begin(); it != v.end(); ++it)
std::cout << *it << " --;T
}

Not as good as it could be! 164



6.1 Useful Tools

On our way to elegant, less complicated code.
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auto

The keyword auto (from C++11):
The type of a variable is inferred from the initializer.
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auto

The keyword auto (from C++11):
The type of a variable is inferred from the initializer.

int x = 10;

auto y = x; // int

auto z = 3; // int

std: :vector<double> v(5);
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auto

The keyword auto (from C++11):
The type of a variable is inferred from the initializer.

int x = 10;

auto y = x; // int

auto z = 3; // int

std: :vector<double> v(5);
auto i = v[3]; // double
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Slightly better...

#include <iostream>
#include <vector>

int main(){
std::vector<int> v(10); // Vector of length 10

for (int i = 0; i < v.size(); ++i)
std::cin >> v[i];

for (auto it = v.begin(); it != v.end(); ++it) {
std::cout << *it << " ";
}
}
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Range for (C++11)

for (range-declaration : range-expression)
statement;

m range-declaration: named variable of element type specified via the sequence
in range-expression

m range-expression: Expression that represents a sequence of elements via
iterator pair begin(), end (), or in the form of an intializer list.
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for (range-declaration : range-expression)
statement;
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m range-expression: Expression that represents a sequence of elements via
iterator pair begin(), end (), or in the form of an intializer list.
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Range for (C++11)

for (range-declaration : range-expression)

statement;

m range-declaration: named variable of element type specified via the sequence
in range-expression

m range-expression: Expression that represents a sequence of elements via
iterator pair begin(), end (), or in the form of an intializer list.

std: :vector<double> v(5);
for (double x: v) std::cout << x; // 00000
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Range for (C++11)

for (range-declaration : range-expression)

statement;

m range-declaration: named variable of element type specified via the sequence
in range-expression

m range-expression: Expression that represents a sequence of elements via
iterator pair begin(), end (), or in the form of an intializer list.

std: :vector<double> v(5);
for (double x: v) std::cout << x; // 00000
for (int x: {1,2,5}) std::cout << x; // 125
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Range for (C++11)

for (range-declaration : range-expression)
statement;

m range-declaration: named variable of element type specified via the sequence
in range-expression

m range-expression: Expression that represents a sequence of elements via
iterator pair begin(), end (), or in the form of an intializer list.

std: :vector<double> v(5);

for (double x: v) std::cout << x; // 00000
for (int x: {1,2,5}) std::cout << x; // 125
for (double& x: v) x=5;

168



Cool!

#include <iostream>
#include <vector>

int main(){
std::vector<int> v(10); // Vector of length 10

for (auto& x: v)
std::cin >> x;

for (const auto x: v)
std::cout << x << " ",
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6.2 Memory Allocation

Construction of a vector class
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For our detailed understanding

We build a vector class with the same capabilities ourselves!
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For our detailed understanding

We build a vector class with the same capabilities ourselves!

On the way we learn about

m RAIl (Resource Acquisition is Initialization) and move construction 3
m Subscript operators and other utilities ‘o&
m Templates

m Exception Handling

m Functors and lambda expressions
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A class for (double) vectors

class Vector{
public:
// constructors
Vector(): sz{0}, elem{nullptr} {};
Vector(std::size_t s): sz{s}, elem{new double[s]} {}
// destructor
~Vector(){
delete[] elem;
}
// (something is missing here)
private:
std::size_t sz;
double* elem;

}
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Element access

class Vector{

// getter. pre: 0 <= i < sz;

double get(std::size_t i) const{
return elem[i];

}

// setter. pre: 0 <= i < sz;

void set(std::size_t i, double d){
elem[i] = 4;

}

// size property

std::size_t size() const {
return sz;

}

class Vector{

public:
Vector();
Vector(std::size_t s);
~Vector();
double get(std::size_t i) const;
void set(std::size_t i, double d);
std::size_t size() const;

(Vector Interface)
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What's the problem here?

int main(){

class Vector{

Vector v(32); public:
. . . . X Vector();
for (std: isize t 1 = 0; il=v.size() H ++i) Vector(std::size_t s);
v.set(i, 1i); ~Vector();

Vector w = v;

for (std::size_t i
w.set (i, ix*i);

return O;

double get(std::size_t i) const;
void set(std::size_t i, double d);

0; il=w.size(); ++i) std::size_t size() const;
}

(Vector Interface)
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What's the problem here?

int main(){ class Vector{
. public:
Vector v(32?, ' ' ' ' Vector();
for (std::size_t i = 0; il=v.size(); ++i) Vector(std: :size_t s);
v.set(i, 1i); ~Vector();

double get(std::size_t i) const;
void set(std::size_t i, double d);
0; il=w.size(); ++i) std::size_t size() const;
}

Vector w = v;
for (std::size_t i
w.set (i, ix*i);

return O;
} (Vector Interface)

*x%* Error in ‘vectorl’: double free or corruption
(I'prev): 0x0000000000d23c20 *x*x

======= Backtrace: =========
/1ib/x86_64-1linux-gnu/libc.so.6(+0x777e5) [0x7fe5abac97eb]
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Rule of Three!

class Vector{

public:
Vector();
class Vector{ Vector(std::size_t s);

~Vector();
o Vector(const Vector &v);
public: double get(std::size_t i) const;
// copy constructor void set(std::size_t i, double d);

std::size_t size() const;
Vector(const Vector &v) }

sz{v.sz}, elem{new doublel[v.sz]} {
std::copy(v.elem, v.elem + v.sz, elem);

(Vector Interface)
}

3
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Rule of Three!

class Vector{ class Vector{
public:

: Vector();

// assignment operator Vector(std::size_t s);

Vector& operator=(const Vector& v){ ~Vector () ;
. . Vector(const Vector &v);
if (v.elem == elem) return *this; Vector operator=(const Vector&v);
if (elem != nullptr) delete[] elem; double get(std::size_t i) const;

void set(std::size_t i, double d);

8z = V.8z; std::size_t size() const;

elem = new doublel[sz]; }
std::copy(v.elem, v.elem+v.sz, elem);
return *this; (Vector Interface)
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Rule of Three!

class Vector{ class Vector{
public:
: . Vector();
// assignment operator Vector(std::size_t s);
Vector& operator=(const Vector& v){ liesierl)s

X L i Vector(const Vector &v);
if (v.elem == elem) return *this; Vector operator=(const Vector&v);

if (elem != nullptr) delete[] elem; double get(std::size_t i) const;
void set(std::size_t i, double d);

8z = V.8z; std::size_t size() const;

elem = new doublel[sz]; }
std::copy(v.elem, v.elem+v.sz, elem);
return *this; (Vector Interface)

Now it is correct, but cumbersome.
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Constructor Delegation

public:
// copy constructor
// (with constructor delegation)
Vector (const Vector &v): Vector(v.sz)
{
std::copy(v.elem, v.elem + v.sz, elem);

}
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Copy-&-Swap Idiom

class Vector{

// Assignment operator
Vector& operator= (const Vector&v){
Vector cpy(v);
swap (cpy) ;
return *this;
}
private:
// helper function
void swap(Vector& v){
std::swap(sz, v.sz);
std: :swap(elem, v.elem);
}
} 178



Copy-&-Swap ldiom

class Vector{

// Assignment operator
Vector& operator= (const Vector&v){
Vector cpy(v);

swap (cpy) ;

return *this; copy-and-swap idiom: all members of *this are
} exchanged with members of cpy. When leav-
ing operator=, cpy is cleaned up (deconstructed),
while the copy of the data of v stay in *this.

private:
// helper function
void swap(Vector& v){
std::swap(sz, v.sz);
std: :swap(elem, v.elem);
}
} 178




Syntactic sugar.

Getters and setters are poor. We want a subscript (index) operator.
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Syntactic sugar.

Getters and setters are poor. We want a subscript (index) operator.
Overloading!

179



Syntactic sugar.

Getters and setters are poor. We want a subscript (index) operator.
Overloading! So?

class Vector{

double operator[] (std::size_t pos) const{
return elem[pos];

}

void operator[] (std::size_t pos, double value)q{
elem[pos] = value;
}
}
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Syntactic sugar.

Getters and setters are poor. We want a subscript (index) operator.
Overloading! So?

class Vector{

double operator[] (std::size_t pos) const{
return elem[pos];

}

void opera std::size_t pos
elem[pos] = value;

No!
}
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Reference types!

class Vector{

// for non-const objects

double& operator[] (std::size_t pos){
return elem([pos]; // return by reference!

}

// for const objects

const double& operator[] (std::size_t pos) const{
return elem[pos];

}
}
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So far so good.

int main(){
Vector v(32); // constructor
for (int i = 0; i<v.size(); ++i)
v[il = i; // subscript operator

Vector w = v; // copy constructor
for (int i = 0; i<w.size(); ++i)
wlil = ix*i;

const auto u = w;
for (int i = 0; i<u.size(); ++i)

std::cout << v[i] << ":" << uf[i] << " "; // 0:0 1:1 2:4 ...
return O;

}
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6.3 Iterators

How to support the range for
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We wanted this:

Vector v = ...;
for (auto x: v)
std::cout << x << " ",
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We wanted this:

Vector v = ...;
for (auto x: v)
std::cout << x << " ",

In order to support this, an iterator must be provided via begin and end .
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Iterator for the vector

class Vector{

// Iterator

double* begin(){
return elem;

}

double* end(){
return elem+sz;

}

}

(Pointers support iteration)
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Const Iterator for the vector

class Vector{

// Const-Iterator
const doublex begin() constq{
return elem;
}
const doublex* end() const{
return elem+sz;

}
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Intermediate result

Vector Natural(int from, int to){
Vector v(to-from+1);
for (auto& x: v) x = from++;
return v;

}

int main(){
auto v = Natural(5,12);
for (auto x: v)

std::cout << x << " "; // 567 89 10 11 12
std::cout << std::endl;

<< "sum = "

return 0;

¥

<< std::accumulate(v.begin(), v.end(),0); // sum



Vector Interface

class Vectorq{
public:
Vector(); // Default Constructor
Vector(std::size_t s); // Constructor
~Vector(); // Destructor
Vector(const Vector &v); // Copy Constructor
Vector& operator=(const Vector&v); // Assignment Operator
double& operator[] (std::size_t pos); // Subscript operator (read/write)
const double& operator[] (std::size_t pos) const; // Subscript operator
std::size_t size() comnst;
double* begin(); // iterator begin
double* end(); // iterator end
const double* begin() comnst; // const iterator begin
const doublex end() comnst; // const iterator end



6.4 Efficient Memory-Management*

How to avoid copies
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Number copies

How often is v being copied?

Vector operator+ (const Vector& 1, double r){
Vector result (1);
for (std::size_t i = 0; i < 1l.size(); ++i)
result[i] = 1[i] + r;
return result;

}

int main(){
Vector v(16);
v=v+1;
return O;
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Number copies

How often is v being copied?

Vector operator+ (const Vector& 1, double r){

Vector result (1); // copy of 1 to result

for (std::size_t i = 0; i < 1l.size(); ++i)

result[i] = 1[i] + r;

return result; // deconstruction of result after assignment
}
int main(){

Vector v(16); // allocation of elems[16]

v=v+1; // copy when assigned!

return 0; // deconstruction of v
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How often is v being copied?

Vector operator+ (const Vector& 1, double r){
Wector result (l)k
for (std::size_t i = 0; i < 1l.size(); ++i)
result[i] = 1[i] + r;
return result;

}

int main(){
Vector v(16);
v H v + 1;
return O;

¥

v is copied (at least) twice
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Move construction and move assignment

class Vector{

// move constructor

Vector (Vector&& v): Vector() {
swap(v) ;

};

// move assignment

Vector& operator=(Vector&& v){
swap(v) ;
return *this;

};

190



Vector Interface

class Vector{
public:
Vector();
Vector(std::size_t s);
~Vector();
Vector(const Vector &v);
Vector& operator=(const Vector&v);
Vector (Vector&& v);
Vector& operator=(Vector&& v);
const double& operator[] (std::size_t pos) const;
double& operator[] (std::size_t pos);
std::size_t size() const;
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Explanation

When the source object of an assignment will not continue existing after
an assignment the compiler can use the move assignment instead of the
assignment operator.’” Expensive copy operations are then avoided.
Number of copies in the previous example goes down to 1.

’Analogously so for the copy-constructor and the move constructor
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Illustration of the Move-Semantics

// nonsense implementation of a "vector" for demonstration purposes
class Vec{
public:
Vec () {
std::cout << "default constructor\n";}
Vec (const Vec&) {
std::cout << "copy constructor\n";}
Vec& operator = (const Vec&) {
std::cout << "copy assignment\n"; return *this;}
~Vec() {}
};
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How many Copy Operations?

Vec operator + (const Vec& a, const Vec& b){
Vec tmp = a;
// add b to tmp
return tmp;

}

int main (){
Vec £;
f=f+f+f + £f;
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How many Copy Operations?

Vec operator + (const Vec& a, const Vec& b){

Vec tmp = a; Output
// add b to tmp default constructor
return tmp; copy constructor

} copy constructor

copy constructor

int main ) copy assignment
Vec £; -
f=f+f+f+f; 4 copies of the vector
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Illustration of the Move-Semantics

// nonsense implementation of a "vector" for demonstration purposes
class Vecq{
public:
Vec () { std::cout << "default constructor\n";}
Vec (const Vec&) { std::cout << "copy constructor\n";}
Vec& operator = (const Vec&) {
std::cout << "copy assignment\n"; return *this;}
~Vec() {}
// new: move constructor and assignment
Vec (Vec&&) {
std::cout << "move constructor\n";}
Vec& operator = (Veck&) {
std::cout << "move assignment\n"; return *this;}
};
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How many Copy Operations?

Vec operator + (const Vec& a, const Vec& b){
Vec tmp = a;
// add b to tmp
return tmp;

}

int main (){
Vec £;
f=f+f+f + £f;
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How many Copy Operations?

Vec operator + (const Vec& a, const Vec& b){

Vec tmp = a; Output
// add b to tmp default constructor
return tmp; copy constructor

} copy constructor

copy constructor

int main () move assignment
Vec f; .
f=f+f+f+f; 3 copies of the vector
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How many Copy Operations?

Vec operator + (Vec a, const Vec& b){
// add b to a
return a;

}

int main (){
Vec £;
f=f+f+f + £f;
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http://en.cppreference.com/w/cpp/language/value_category

How many Copy Operations?

Vec operator + (Vec a, const Vec& b){

// add b to a Output
return a; default constructor
} copy constructor
move constructor
int main (){ move constructor
Vec £f; move constructor
f=f+f+f+f; move assignment

1 copy of the vector

197


http://en.cppreference.com/w/cpp/language/value_category

How many Copy Operations?

Vec operator + (Vec a, const Vec& b){

// add b to a Output
return a; default constructor
} copy constructor

move constructor

int main (){ move constructor
Vec f; move constructor
f=f+f+f+f; move assignment

1 copy of the vector

Explanation: move semantics are applied when an x-value (expired value) is
assigned. R-value return values of a function are examples of x-values.
http://en.cppreference.com/w/cpp/language/value_category
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http://en.cppreference.com/w/cpp/language/value_category

How many Copy Operations?

void swap(Vec& a, Vec& b){
Vec tmp = a;
a=b;
b=tmp;

}

int main (){
Vec £f;
Vec g;
swap(f,g);
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How many Copy Operations?

void swap(Vec& a, Vec& b){
Vec tmp = a;
a=b;
b=tmp; Output
} default constructor
default constructor
int main O{ copy constructor
Vec f; copy assignment

Vec g; copy assignment

swap(f,g);
} 3 copies of the vector

198



Forcing x-values

void swap(Vec& a, Vec& b){
Vec tmp = std::move(a);
a=std: :move(b);
b=std: :move (tmp) ;

}

int main ){
Vec £f;
Vec g;
swap(f,g);
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http://en.cppreference.com/w/cpp/utility/move

Forcing x-values

void swap(Vec& a, Vec& b){
Vec tmp = std::move(a);
a=std: :move(b);
b=std: :move (tmp) ;

}

int main ){
Vec £f;
Vec g;
swap(f,g);

Output

default constructor
default constructor
move constructor
move assignment
move assignment

0 copies of the vector
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http://en.cppreference.com/w/cpp/utility/move

Forcing x-values

void swap(Vec& a, Vec& b){
Vec tmp = std::move(a);
a=std: :move(b);
b=std: :move (tmp) ;

Output
default constructor
default constructor

} move constructor

int main O move ass!gnment
Vec f; move assignment
Vec g; )
swap(f,g); 0 copies of the vector

}

Explanation: With std::move an l-value expression can be forced into an x-value.
Then move-semantics are applied.
http://en.cppreference.com/w/cpp/utility/move
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http://en.cppreference.com/w/cpp/utility/move

std: :swap & std: :move

std: :swap is implemented as above (using templates)
std: :move can be used to move the elements of a container into another

std: :move(va.begin(),va.end(),vb.begin())
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Today’s Conclusion

m Use auto to infer a type from the initializer.

m X-values are values where the compiler can determine that they go out
of scope.

m Use move constructors in order to move X-values instead of copying.

m When you know what you are doing then you can enforce the use of
X-Values.

m Subscript operators can be overloaded. In order to write, references are
used.

m Behind a ranged for there is an iterator working.

m Iteration is supported by implementing an iterator following the
syntactic convention of the standard library.
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7. Sorting |

Simple Sorting

202



71 Simple Sorting

Selection Sort, Insertion Sort, Bubblesort [Ottman/Widmayer, Kap. 2.1, Cormen et
al, Kap. 21, 2.2, Exercise 2.2-2, Problem 2-2
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Input: An array A = (A[1], ..., A[n]) with length n.
Output: a permutation A’ of A, that is sorted: A’[i] < A'[/] for all
I<i<j<n
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Algorithm: IsSorted(A)

Input:  Array A = (A[1], ..., A[n]) with length n.
Output: Boolean decision “sorted” or “not sorted”
fori<— 1ton—1do

if A[i] > Ali + 1] then

| return “not sorted”;

return “sorted”;
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IsSorted(A):“not sorted”, if Afi] > Ali + 1] for any i.
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IsSorted(A):“not sorted”, if Afi] > Ali + 1] for any i.
= idea:
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IsSorted(A):“not sorted”, if Afi] > Ali + 1] for any i.
= idea:

for j«— 1ton—1do
if A[j] > A[j + 1] then
swap(A[j], A[j + 1]);
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Give it a try

[5}-{6] (i=1)
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Give it a try

[5}-{6] (j=1)
[61-{2] (j=2)
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Give it a try

[5}-{6] (j=1)
[61-{2] (j=2)
(j=3)
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Give it a try

[5}—{e] (=1
5] [ek-2] [8] [&] 1] (=2
(7 =3)
5] [2] [6] [8k{a] [1] (=9
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Give it a try

[5}-{6] (j=1)
[61-{2] (j=2)
(j=3)
5 6] (j=4)
6] [8f=1] (=9

] (o] [v]
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Give it a try

[sl-fe] [2] [8] [&] 1] (=1
5] [ek-2] [8] [&] 1] (=2
5] [2] [ek-{8] [&] [1] (=3
5] [2] [6] [8k{a] [1] (=9
2] [e] [4] [8k-{1] (=5
2] [e] [4] [1] [8]

] [«
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Give it a try

[sl-fe] [2] [8] [&] 1] (=1
5] [ek-2] [8] [&] 1] (=2
5] [2] [ek-{8] [&] [1] (=3
5] [2] [6] [8k{a] [1] (=9
2] [e] [4] [8k-{1] (=5
2] [e] [4] [1] [8]

m Not sorted! @

] [«
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Give it a try

[sl-fe] [2] [8] [&] 1] (=1
5] [ek-2] [8] [&] 1] (=2
5] [2] [ek-{8] [&] [1] (=3
5] [2] [6] [8k{a] [1] (=9
2] [e] [4] [8k-{1] (=5
2] [e] [4] [1] [8]

m Not sorted! @

] [«
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Give it a try

[5}-{6] (j=1)
[61-{2] (j=2)

m Not sorted! @

(j=3)  m Butthe greatest
element moves to the
(6] [8l{a] (j=4) right
= new idea! ©)
6 (j =5)
6 8]
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Algorithm: Bubblesort

Input:  Array A = (A[1],..., A[n]), n > 0.
Output: Sorted Array A
fori< 1ton—1do
for j«— 1ton—ido
if A[j] > A[j + 1] then
| swap(A[j], Alj + 1))
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Analysis

Number key comparisons Y77 (n — i) = %1 = 9(n?).
Number swaps in the worst case: ©(n?)

What is the worst case?
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IEWSS

Number key comparisons Y_7—/'(n — i) =
Number swaps in the Worst case: O(n?)

What is the worst case?

If Ais sorted in decreasing order.

necl) — @(n?).
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Selection Sort

m Selection of the smallest
6 =1

element by search in the
unsorted part Afi..n] of
the array.
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Selection Sort

m Selection of the smallest
@ (i=1) element by search in the
unsorted part Afi..n] of
the array.

m Swap the smallest
element with the first
element of the unsorted
part.
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(¢ — i + 1). Repeat until
all is sorted. (i = n)
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m Selection of the smallest

@ (i=1) element by search in the
. ted part Afi..n] of
o =2 e pn Al
@ (i=3) m Swap the smallest
- element with the first
6] (i=4) element of the unsorted
© [8 (=5 e
(6] (i = 6) m Unsorted part decreases
in size by one element
(6] (i — i+ 1). Repeat until

all is sorted. (i = n)
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Algorithm: Selection Sort

Input:  Array A = (A[1],..., A[n]), n > 0.
Output: Sorted Array A
fori<—1ton—1do
P41
for j < i+ 1tondo
if A[j] < A[p] then
P

_ swap(A[i], Alp])
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Number comparisons in worst case:
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Number comparisons in worst case: ©(n?).
Number swaps in the worst case:
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Number comparisons in worst case: ©(n?).
Number swaps in the worst case: n — 1 = O(n)
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Insertion Sort

I[s] le] [2] [&] [4] [0 (i=1)
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Insertion Sort

+@(i—1)

m Iterative procedure:
1=1...n
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Insertion Sort
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Insertion Sort
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Insertion Sort
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Insertion Sort

| (5] [s] (i=1)
T. | @ (i=2) m Iterative procedure:
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- 6] | (i = 4) position for element i.
(i = 5) m Insert element i array
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Insertion Sort

| (5] [e] (i=1)

T | @ (i=2) m Iterative procedure:
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m Insert element i array
block movement
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Insertion Sort

| (5] [s] (i=1)
T. | @ (i=2) m Iterative procedure:
. 1=1..n
E | 2] (i=3) m Determine insertion
- 6] | (i = 4) position for element i.
T (i = 5) m Insert element i array
‘= block movement
(i = 6) potentially required
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Insertion Sort

What is the disadvantage of this algorithm compared to sorting by

selection?
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Insertion Sort

What is the disadvantage of this algorithm compared to sorting by

selection?

Many element movements in the worst case.

What is the advantage of this algorithm compared to selection sort?
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Insertion Sort

What is the disadvantage of this algorithm compared to sorting by

selection?

Many element movements in the worst case.

What is the advantage of this algorithm compared to selection sort?

The search domain (insertion interval) is already sorted. Consequently:
binary search possible.

215



Algorithm: Insertion Sort

Input:  Array A = (A[1],..., A[n]), n > 0.
Output: Sorted Array A
for i <~ 2 ton do
x <+ Ali
p < BinarySearch(A,1,i —1,z); // Smallest p € [1 1] with Alp] > =
for j < i — 1 downto p do
A+ 1] < Al

Alp] + =
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Number comparisons in the worst case:
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Number comparisons in the worst case:
Siia-logk = alog((n —1)!) € ©(nlogn).
Number swaps in the worst case
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Number comparisons in the worst case:
Siia-logk = alog((n —1)!) € ©(nlogn).
Number swaps in the worst case 37_,(k — 1) € ©(n?)
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Different point of view

Sorting node:
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Different point of view

Sorting node:
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Different point of view
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Conclusion

In a certain sense, Selection Sort, Bubble Sort and Insertion Sort provide
the same kind of sort strategy. Will be made more precise. &

8In the part about parallel sorting networks. For the sequential code of course the
observations as described above still hold.
221



Shellsort (Donald Shell 1959)

Intuition: moving elements far apart takes many steps in the naive
methods from abobe

Insertion sort on subsequences of the form (A;;) (i € N) with decreasing
distances k. Last considered distance must be k = 1.

Worst-case performance critically depends on the chosen subsequences

m Original concept with sequence 1,2,4,8, ..., 2¥. Running time: O(n?)
m Sequence 1,3,7,15,...,2~1 (Hibbard 1963). O(n%/?)

m Sequence 1,2,3,4,6,8, ..., 2737 (Pratt 1971). O(nlog? n)
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Shellsort

9 8 7 6 5 4 3 2 1 0
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Shellsort

9 8 7 6 5 4 3 2 1 0
2 8 7 6 5 4 3 9 1 0 insertionsort, k=7
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Shellsort

2 8 7 6 5 4 3 9 1 0 insertionsort, k=7
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8. Sorting Il

Mergesort, Quicksort
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8.1 Mergesort

[Ottman/Widmayer, Kap. 2.4, Cormen et al, Kap. 2.3],
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Divide and Conquer!

m Assumption: two halves of the array A are already sorted.
® Minimum of A can be evaluated with two comparisons.

m Iteratively: merge the two presorted halves of A in O(n).
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Merge
1 4 7 9 16 2 3 10 1M 12
1 2 3 4 7 9 10 N
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Merge
1 4 7 9 16 2 3 10 1M 12
1 2 3 4 7 9 10 M1 12
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Algorithm Merge(A, [, m, )

Input:  Array A with length n, indexes 1 <[l <m <r <n.
All,...,m|, Aim +1,...,r] sorted
Output: A[l,...,r| sorted
B < new Array(r — [+ 1)
i<—ljm+1 k1
while : < m and j < r do
if Ali] < A[j] then B[k] + Ali]; i<+ i+1
else B[k]«+ Alj];j+j+1
k+k+1;

o o W N =

~

while i <mdo B[k]« Ali]; i< i+ 1, k<« k+1
while j <rdo Blk|+ A[jl; j«j+ L k+ k+1
9 for k< [ to r do A[k] + B[k —1+1]

2]
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Correctness

Hypothesis: after  iterations of the loop in line 3 BJ1,..., k] is sorted and
Blk] < Ali], ifi <m and B[k] < A[j] if j <.

Proof by induction:

Base case: the empty array BJ[1,...,0] is trivially sorted.

Induction step (k — k + 1):

m wlog Afi] < A[j],i <m,j <.

m B[l,..., k| is sorted by hypothesis and B[k] < A[i].

m After B[k + 1] + A[i] B[1,...,k+ 1] is sorted.

mBk+1]=A[]) < Ali +1](ifi +1 <m)and Blk + 1] < A[j] if j <r.
B k< k+1,i<« i+ 1: Statement holds again.
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Analysis (Merge)

If: array A with length n, indexes 1 <l <r <n. m = |(l+7r)/2] and
All,...,m], Aijm+1,...,r] sorted.

Then: in the call of Merge(A, 1, m,r)a number of ©(r —1) key movements
and comparisons are executed.

Proof: straightforward(Inspect the algorithm and count the operations.)
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Algorithm (recursive 2-way) Mergesort(A, [, r)

Input: Array A with lengthn. 1 <[ <r<n
Output: A[l,...,r| sorted.

if [ <r then
m <+ [(I+71)/2] // middle position
Mergesort(A,l,m) // sort lower half

Mergesort(A,m + 1,7) // sort higher half
Merge(A,l,m,r) // Merge subsequences
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Recursion equation for the number of comparisons and key movements:

n

T(n) = 7(| 5])+ 7(|

n

C)+em)
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Recursion equation for the number of comparisons and key movements:

n

T(n) = 7(| 5])+ 7(|

n

QJ) + O(n) € O(nlogn)
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Algorithm StraightMergesort(A)

Avoid recursion: merge sequences of length 1,2, 4, ... directly

Input:  Array A with length n
Output: Array A sorted

length < 1
while length < n do // lterate over lengths n
r<0
while r + length < n do // lterate over subsequences
l+r+1

m < |+ length — 1
r < min(m + length,n)
Merge(A, I, m, r)

~ length < length - 2
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Like the recursive variant, the straight 2-way mergesort always executes a
number of ©(nlogn) key comparisons and key movements.
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Natural 2-way mergesort

Observation: the variants above do not make use of any presorting and
always execute ©(nlogn) memory movements.

How can partially presorted arrays be sorted better?
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Natural 2-way mergesort

Observation: the variants above do not make use of any presorting and
always execute ©(nlogn) memory movements.

How can partially presorted arrays be sorted better?

® Recursive merging of previously sorted parts (runs) of A.
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Natural 2-way mergesort
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Natural 2-way mergesort
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Natural 2-way mergesort




Algorithm NaturalMergesort(A)

Input:  Array A with length n > 0

Output: Array A sorted

repeat

r+0

while » < n do

l<—r+1

m < [; while m < n and A{m + 1] > A[m| do m < m + 1

if m < n then
r < m+ 1; while r <n and A[r+1] > A[r]do r + r+1
Merge(A, I, m, r);

else
L r<mn

until [ =1
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Is it also asymptotically better than StraightMergesort on average?
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Is it also asymptotically better than StraightMergesort on average?

ONo. Given the assumption of pairwise distinct keys, on average there are
n/2 positions ¢ with k; > k;11, i.e. n/2 runs. Only one iteration is saved on
average.

Natural mergesort executes in the worst case and on average a number of
©(nlogn) comparisons and memory movements.
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8.2 Quicksort

[Ottman/Widmayer, Kap. 2.2, Cormen et al, Kap. 7]
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Quicksort

What is the disadvantage of Mergesort?
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Quicksort

What is the disadvantage of Mergesort?

Requires additional ©(n) storage for merging.
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Quicksort
What is the disadvantage of Mergesort?

Requires additional ©(n) storage for merging.

How could we reduce the merge costs?

Make sure that the left part contains only smaller elements than the
right part.
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Quicksort
What is the disadvantage of Mergesort?

Requires additional ©(n) storage for merging.

How could we reduce the merge costs?

Make sure that the left part contains only smaller elements than the
right part.

Pivot and Partition!

24
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1. Choose a (an arbitrary) pivot p
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1. Choose a (an arbitrary) pivot p

2. Partition A in two parts, one part L with the elements with A[i] < p
and another part 72 with A[i] > p
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1. Choose a (an arbitrary) pivot p

2. Partition A in two parts, one part L with the elements with A[i] < p
and another part 72 with A[i] > p

3. Quicksort: Recursion on parts L and R

Pl = |=|=|=]|=|>]|>>|>
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1. Choose a (an arbitrary) pivot p
2. Partition A in two parts, one part L with the elements with Afi] < p
and another part 72 with A[i] > p

3. Quicksort: Recursion on parts L and R

<l <|<|<s|<s|p|>]>]>]>

1 T n
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Algorithm Partition(A,l,r, p)

Input: Array A, that contains the pivot p in A[l,...,r| at least once.
Output: Array A partitioned in [I,...,7] around p. Returns position of p.
while [ < r do
while A[l] < p do
Ll 1+1
while A[r] > p do
| r<r—1
swap(A[l], Ar])
if A[l] = A[r| then
Ll 141

return |-1
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Algorithm Quicksort(A,Il,r)

Input: Array A with length n. 1 <[ <7r <n.
Output: Array A, sorted in A[l,...,r].

if [ < r then

Choose pivot p € A[l,...,r]

k < Partition(A4,l,r,p)

Quicksort(A,l,k —1)

Quicksort(A,k+ 1,7)
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Quicksort (arbitrary pivot)



Quicksort (arbitrary pivot)
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Quicksort (arbitrary pivot)
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Quicksort (arbitrary pivot)
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Quicksort (arbitrary pivot)
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Quicksort (arbitrary pivot)

2 45 6 83|79 1
2|1 3 6 8|5/ 7 9 4
12 3 4 5 8[7]|9 6



Quicksort (arbitrary pivot)
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Quicksort (arbitrary pivot)
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Quicksort (arbitrary pivot)
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Quicksort (arbitrary pivot)
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Analysis: number comparisons

Worst case.
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Analysis: number comparisons

Worst case. Pivot = min or max; number comparisons:

Tn)=Tn—-1)+c-n, T(1)=d = T(n)c O(n?
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Analysis: number swaps

Result of a call to partition (pivot 3):

2 1 3 6 8 5 7 9 4

@ How many swaps have taken place?
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Analysis: number swaps

Result of a call to partition (pivot 3):
2 1 3 6 8 5 7 9 4
@ How many swaps have taken place?

® 2. The maximum number of swaps is given by the number of keys in the
smaller part.
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Analysis: number swaps

Thought experiment
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Analysis: number swaps

Thought experiment
m Each key from the smaller part pays a coin when it is being swapped.
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m Each key from the smaller part pays a coin when it is being swapped.

m After a key has paid a coin the domain containing the key decreases to
half its previous size.
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Analysis: number swaps

Thought experiment

m Each key from the smaller part pays a coin when it is being swapped.

m After a key has paid a coin the domain containing the key decreases to
half its previous size.

m Every key needs to pay at most logn coins. But there are only n keys.
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Analysis: number swaps

Thought experiment

m Each key from the smaller part pays a coin when it is being swapped.

m After a key has paid a coin the domain containing the key decreases to
half its previous size.

m Every key needs to pay at most logn coins. But there are only n keys.
Consequence: there are O(nlogn) key swaps in the worst case.

248



Randomized Quicksort

Despite the worst case running time of ©(n?), quicksort is used practically

very often.
Reason: quadratic running time unlikely provided that the choice of the
pivot and the pre-sorting are not very disadvantageous.

Avoidance: randomly choose pivot. Draw uniformly from [/, 7].
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Analysis (randomized quicksort)

Expected number of compared keys with input length n:

T(n) = (n— 1) + - 3" (T(k = 1) + T(n — k)), T(0) = T(1) = 0

n3

Claim T'(n) < 4nlogn.

Proof by induction:

Base case straightforward for n = 0 (with 0log 0 := 0) and for n = 1.
Hypothesis: T'(n) < 4nlogn for some n.

Induction step: (n — 1 — n)
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Analysis (randomized quicksort)

T(

2n71 H 2n71
=n—14 — Tk <n-—-14+ — 4k log k
n) n +n,§ ()_n —i—n];) og

n/2 n—1
:n—1+’;4k logh + > dklogk
- <logn—1 k=n/2+1 <logn
n/2
<n-—-1+-— (logn—l Zk—{—logn Z k
k=n/2+1

8 n(n—l) n/n
p— —_ _— . _— - 1
n l—i-n((logn) 5 4<2+ >>
=4nlogn —4logn — 3 < 4nlogn

|
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Analysis (randomized quicksort)

Theorem 13

On average randomized quicksort requires O(nlogn) comparisons.
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Practical Considerations

Worst case recursion depth n — 1°. Then also a memory consumption of
O(n).

Can be avoided: recursion only on the smaller part. Then guaranteed
O(logn) worst case recursion depth and memory consumption.

°stack overflow possible!

253



Quicksort with logarithmic memory consumption

Input: Array A with length n. 1 <[ <r <n.
Output: Array A, sorted between [ and r.
while [ < r do
Choose pivot p € A[l,...,r]
k < Partition(A, [, r,p)
if Kk —1<r—k then
Quicksort(A[l, ...,k —1])
l—k+1
else
Quicksort(A[k +1,...,7])
r—k-—1

The call of Quicksort(A[l, ..., 7)) in the original algorithm has moved to iteration (tail
recursion!): the if-statement became a while-statement.
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Practical Considerations.

m Practically the pivot is often the median of three elements. For example:
Median3(A[l], A[r], A[|l + r/2]]).

m There is a variant of quicksort that requires only constant storage. Idea:
store the old pivot at the position of the new pivot.

m Complex divide-and-conquer algorithms often use a trivial (©(n?))
algorithm as base case to deal with small problem sizes.
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8.3 Appendix

Derivation of some mathematical formulas
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logn! € ©(nlogn)

n n
logn! = Zlogz’ < Zlogn =nlogn
i=1 i=1

[n/2]
Zlogz— Z logi + Z log ¢
[n/2]+1
[n/2] n
> Z log2 + Z log —
=2 [n/2)+1
=([n/2] —2+1)+ (n— |n/2])(logn — 1)
—— ————
>n/2—1 >n/2

> 2
5 logn — 2.
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n") |

[n/2]
nlogn > Z log 2 + Z logt
i=|n/2]+1

= Zlogi + VLJ log 2
i=1 2

n
> Zlogi—i—n/Z— 1=logn!+n/2—-1
i=1

n" = 2nlog2n > 210g2 n! 2n/2 ol — ot 2n/271

!
N % <27/ ) = nl € o(n™) = O(n™)\Q(n")
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[Even n! € o((n/c)") VO < c < e ]

n!

Konvergenz oder Divergenz von f, = o
Ratio Test

1 .
—c-—slifecse
e

for  (n+1)! (Z)nzc.( n >n

fo (m)”“’ n! n+1

Cc

because (1 + %)n — e. Even the series -7, f, converges [ diverges for

cse.

f,, diverges for ¢ = ¢, because (Stirling): n! ~ \/2m(§)n.
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[ Ratio Test]

Ratio test for a sequence (f,,)nen: If % — A, then the sequence f, and
the series Y, f;

m converge, if A < 1 and
m diverge, if A > 1.
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[ Ratio Test Derivation ]

Ratio test is implied by Geometric Series

I
Sn(r).—Zr =1
=0
converges forn — oo ifand only if —1 <r < 1.
Let0 <A< 1t
Ve >03ng : for1/fn < A+eV¥n>ng
=3e>0,3Ing: for1/fo << 1Vn>ng
Thus

Z fn < fro - Z -u"~"  konvergiert.

n=ngo n=no

(Analogously for divergence)
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9. Sorting Il

Lower bounds for the comparison based sorting, radix- and bucket-sort
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9.1 Lower bounds for comparison based sorting

[Ottman/Widmayer, Kap. 2.8, Cormen et al, Kap. 81]
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Lower bound for sorting

Up to here: worst case sorting takes Q(nlogn) steps.
Is there a better way?
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Lower bound for sorting

Up to here: worst case sorting takes Q(nlogn) steps.
Is there a better way? No:

Theorem 14

Sorting procedures that are based on comparison require in the worst
case and on average at least Q(nlogn) kRey comparisons.
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Comparison based sorting

m An algorithm must identify the correct one of n! permutations of an
array (A;)i=1,.n-
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m We consider the knowledge gain of the algorithm in the form of a
decision tree:
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Comparison based sorting

m An algorithm must identify the correct one of n! permutations of an
array (A;)i=1

m At the beginning the algorithm knows nothing about the array structure.

m We consider the knowledge gain of the algorithm in the form of a
decision tree:

m Nodes contain the remaining possibilities.
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Comparison based sorting

m An algorithm must identify the correct one of n! permutations of an
array (A;)i=1,.n-
m At the beginning the algorithm knows nothing about the array structure.

m We consider the knowledge gain of the algorithm in the form of a
decision tree:

m Nodes contain the remaining possibilities.
m Edges contain the decisions.
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Decision tree

abc acb cab bac bea cba

a<b
Yes No
abe acb cab bac bea cba
b<ec b<ec
Yes No Yes No
ach cab bac bea
abe a<c a<c cba
Yes No Yes No

ach cab bac bca 266



Decision tree

A binary tree with L leaves provides K = L — 1 inner nodes.™

The height of a binary tree with L leaves is at least log, L. = The height of
the decision tree h > logn! € Q(nlogn).

Thus the length of the longest path in the decision tree € Q(nlogn).
Remaining to show: mean length M (n) of a path M(n) € Q(nlogn).

°Proof: start with emtpy tree (K = 0, L = 1). Each added node replaces a leaf by two
leaves,ie} K - K+1=L— L+1.
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Average lower bound

! — b, —
— b —

m Decision tree T;, with n leaves, average height
of a leaf m(T},)

m Assumption m(7},) > logn not for all n.
m Choose smallest b with m(T}) < logb = b > 2

Wb +b =bwithd; >0and b, > 0=
by < b,b, < b= m(Ty) > logb und
m(Tp,) > log b,
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Average lower bound

Average height of a leaf:

‘ S

I

m(T3) = 2 m(Ty,) +1) + 2 m(Ti,) + 1)

v

1
(bi(logb; + 1) + b-(logb, + 1)) = g(bl log 2b; + b, log 2b;)

vV
S =S o

(blogb) = logb.

Contradiction. ]
The last inequality holds because f(z) = zlogz is convex (f”(z) = 1/x > 0) and
for a convex function it holds that f((z +y)/2) < 1/2f(x) + 1/2f(y) (x = 2b,,

y = 2b, )" Enter z = 2b;, y = 2b,, and b; + b, = b.

Mgenerally f(\z + (1 — A)y) < Af(z) + (1 = A)f(y) foro < A < 1.
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9.2 Radixsort and Bucketsort

Radixsort, Bucketsort [Ottman/Widmayer, Kap. 2.5, Cormen et al, Kap. 8.3]
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Radix Sort

Sorting based on comparison: comparable keys (< or >, often =). No
further assumptions.
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Radix Sort

Sorting based on comparison: comparable keys (< or >, often =). No
further assumptions.
Different idea: use more information about the keys.
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Assumptions

Assumption: keys representable as words from an alphabet containing m
elements.

m =10 decimal numbers 183 = 183y

m is called the radix of the representation.

272



Assumptions

Assumption: keys representable as words from an alphabet containing m
elements.

m =10 decimal numbers 183 = 183y
m =2 dual numbers 101,

m is called the radix of the representation.

272



Assumptions

Assumption: keys representable as words from an alphabet containing m
elements.

m =10 decimal numbers 183 = 183y
m =2 dual numbers 101,
m =16 hexadecimal numbers A0

m is called the radix of the representation.
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Assumptions

Assumption: keys representable as words from an alphabet containing m
elements.

m =10 decimal numbers 183 = 183y,
m =2 dual numbers 101,

m =16 hexadecimal numbers A0

m =26 words "INFORMATIK"

m is called the radix of the representation.
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m keys = m-adic numbers with same length.
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Assumptions

m keys = m-adic numbers with same length.
m Procedure = for the extraction of digit k& in O(1) steps.

Example
210(0,85) =§
210(1,85) =38

210(27 85) =N
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Radix-Exchange-Sort

Keys with radix 2.
Observation: if for some k& > 0:

29(i, ) = 29(3,y) foralli > k

and
22(k? Q?) < ZQ(ka y>7

then it holds that = < y.
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Radix-Exchange-Sort

Idea:

m Start with a maximal .
m Binary partition the data sets with z;(k, ) = 0 vs. z3(k, ) = 1 like with
quicksort.

mk+k—1.
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Radix-Exchange-Sort

0111 0110 1000 0011 0001
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Radix-Exchange-Sort

0111 0110 1000 0011 0001

0111 0110 0001 0011\1000
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Radix-Exchange-Sort

0111 0110 1000 0011 0001

0111 0110 0001 0011\ 1000
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Radix-Exchange-Sort

0111 0110 1000 0011 0001

]0111 0110 0001 0011\ 1000

N—_— ~ -

0011 0001|0110 0111(/1000
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Radix-Exchange-Sort

0111 0110 1000 0011 0001

]0111 0110 0001 0011\1000
N— I

—<
0011 0001|(0110 0111/[1000
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Radix-Exchange-Sort

0111 0110 1000 0011 0001

]0111 0110 0001 0011\1000
N— I

—<
0011 0001|(0110 0111/[1000

0001/ (0011/|0110 01111000
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Radix-Exchange-Sort

0111 0110 1000 0011 0001

]0111 0110 0001 0011\1000
N— I

—<
0011 0001/ (0110 0111/[1000|

0001//0011/[0110 0111/[1000|
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Radix-Exchange-Sort

0111 0110 1000 0011 0001

]0111 0110 0001 0011\1000
N— I

—<
0011 0001/ (0110 0111/[1000|

0001//0011/[0110 0111/[1000|

0001//0011| 0110/ |0111] [ 1000|
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Algorithm RadixExchangeSort(A, [, r,b)

Input:  Array A with length n, left and right bounds 1 <[ < r < n, bit position b
Output: Array A, sorted in the domain [l, r] by bits [0,

if l<randb >0 then
i—1-1
je—r+1
repeat
repeat i < i + 1 until 22(b, Afi]) =1ori > j

if i < j then swap(A[i], A[j])
until ¢ > j
RadixExchangeSort(A,l,i —1,b — 1)
RadixExchangeSort(A,i,r,b — 1)

repeat j < j — 1 until z3(b, A[j]) =0ori>j

L]
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RadixExchangeSort provides recursion with maximal recursion depth =
maximal number of digits p.

Worst case run time O(p - n).
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Bucket Sort

3 8 1812212113123 21 19 29
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Bucket Sort
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131 18
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Bucket Sort

3 8 1812212113123 21 19 29

131 23 18
121 122 3 8
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Bucket Sort

3 8 1812212113123 21 19 29

21
131 23 18
121 122 3 8
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Bucket Sort

3 8 1812212113123 21 19 29

21
131 23 18
121 122 3 8 19
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Bucket Sort

3 8 1812212113123 21 19 29

21
131 23 18 29
121 122 3 8 19
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Bucket Sort

3 8 1812212113123 21 19 29

21
131 23 18 29

i ——

12113121122 3 23 8 18 19 29 279



Bucket Sort

12113121122 3 23 8 18 19 29



Bucket Sort

12113121122 3 23 8 18 19 29

0 1 2 3 4 5 6 7 8 9

29
23
122

3 18 121 131



Bucket Sort

12113121122 3 23 8 18 19 29

0 1 2 3 4 5 6 7 8 9

29
23
122
8 19 21
3 18 121 131

3 8 18 19 121 21 122 23 29
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Bucket Sort

3 8 18 19 121 21 122 23 29



Bucket Sort

3 8 18 19 121 21 122 23 29

0 1 2 3 4 5 6 7 8 9
29

23

21

19

18 131

8 122

3 17



Bucket Sort

3 8 18 19 121 21 122 23 29

0 1 2 3 4 5 6 7 8 9

29
23
21
19
18 131
8 122
3 17

3 8 18 19 21 23 29 121122 131 @

281



Implementation details

Bucket size varies greatly. Possibilities

m Linked list or dynamic array for each digit.
m One array of length n. compute offsets for each digit in the first iteration.

Assumptions: Input length n, Number bits / integer: k£, Number Buckets: 2°

Asymptotic running time O(% - (n + 2°).
For Example: k = 32,2° =256 : £ - (n 4 2") = 4n + 1024.
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Bucket Sort — Different Assumption

Hypothesis: uniformly distributed data e.g. from [0, 1)

Input:  Array A with length n, A; € [0,1), constant M € Nt
Output: Sorted array

k< [n/M]

B < new array of k empty lists

for i +— 1 ton do
| BI[[Ai - k]].append(A[:])

for i <~ 1to k do
| sort B[i] // e.g. insertion sort, running time O(M?)

return B[0] o B[1]o--- o B[k] // concatenated

Expected asymptotic running time O(n) (Proof in Cormen et al, Kap. 8.4)
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10. C++ advanced (I1): Templates




What do we learn today?

m templates of classes
m function templates
m Smart Pointers
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Goal: generic vector class and functionality.

Vector<double> vd(10);
Vector<int> vi(10);
Vector<char> vi(20);

auto nd = vd * vd; // norm (vector of double)
auto ni vi * vi; // norm (vector of int)
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Types as Template Parameters

1. In the concrete implementation of a class replace the type that
should become generic (in our example: double) by a
representative element, e.g. T.

2. Putin front of the class the construct template<typename T>
Replace T by the representative name).

The construct template<typename T> can be understood as “for all
types T".
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Types as Template Parameters

template <typename ElementType>
class Vector{
std::size_t size;
ElementType* elem;
public:

Vector(std::size_t s):
size{s},
elem{new ElementType[s]}{}

ElementType& operator[](std::size_t pos){
return elem[pos];

3



Template Instances

Vector<typeName> generates a type instance Vector with
ElementType=typeName.
Notation: Instantiation

Vector<double> x; // vector of double
Vector<int> y; // vector of int
Vector<Vector<double>> x; // vector of vector of double
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Type-checking

Templates are basically replacement rules at instantiation time and during
compilation. The compiler always checks as little as necessary and as
much as possible.

290



Example

template <typename T>
class Pair{
T left; T right;
public:
Pair(T 1, T r):left{1l}, right{r}{}
T min(){
return left < right 7 left : right;
}
};
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Example

template <typename T>
class Pair{
T left; T right;
public:
Pair(T 1, T r):left{1l}, right{r}{}
T min(){
return left < right 7 left : right;
}
+;

Pair<int> a(10,20); // ok

auto m = a.min(); // ok

Pair<Pair<int>> b(a,Pair<int>(20,30)); // ok
auto n = b.min(); // no match for operator<!
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Generic Programming

template <typename T>
class Vector{
public:
Vector();
. Vector(std::size_t);
Generic components should be devel- ~Vector ();
. . Vector(const Vectork);
oped rather as a generalization of one Veotort operators(const Vectork);
or more examples than from first prin- Vector (Vector&);

. Vector& operator=(Vector&) ;
CIpleS' const T& operator[] (std::size_t) const;
T& operator[] (std::size_t);
std::size_t size() const;

T* begin();

T* end();

const T* begin() const;
const T* end() const;
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Function Templates

1. To make a concrete implementation generic, replace the specific
type (e.g. int) with a name, e.g. T,

2. Putin front of the function the construct template<typename T>
(Replace T by the chosen name)
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Function Templates

template <typename T>
void swap(T& x, T&y){

T temp = x;
X =Y;
y = temp;

3

The actual parameters’ types determine the version of the function that is
(compiled) and used:

int x=5;

int y=6;

swap(x,y); // calls swap with T=int
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template <typename T>
void swap(T& x, T&y){
T temp = x;
X =Y;
y = temp;
X

An inadmissible version of the function is not generated:

int x=5;
double y=6;
swap(x,y); // error: mno matching function for ...
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.. also with operators

template <typename T>

class Pair{
T left; T right;

public:
Pair(T 1, T r):left{1l}, right{r}{}
T min(){ return left < right? left: right; }
std::ostream& print (std::ostream& os) const{

return os << "("<< left << "," << right<< ")";

}

};

template <typename T>
std::ostream& operator<< (std::ostream& os, const Pair<T>& pair){
return pair.print(os);

} 296



.. also with operators

template <typename T>

class Pair{ Pair<1nt> a(10,20); // Ok
T left; T right; std::cout << a; // ok
public:

Pair(T 1, T r):left{1l}, right{r}{}
T min(){ return left < right? left: right; }
std::ostream& print (std::ostream& os) const{
return os << "("<< left << "," << right<< ")";
}
s

template <typename T>
std::ostream& operator<< (std::ostream& os, const Pair<T>& pair){
return pair.print(os);

} 296



Useful!

// Output of an arbitrary container
template <typename T>
void output(const T& t){
for (auto x: t)
std::cout << x << " ",
std::cout << "\n";

}

int main(){
std::vector<int> v={1,2,3};
output(v); // 1 2 3

}
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Explicit Type

// input of an arbitrary pair
template <typename T>
Pair<T> read(){
T left;
T right;
std::cin << left << right;
return Pair<T>(left,right);
}

auto p = read<double>();
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Explicit Type

// input of an arbitrary pair
template <typename T>
Pair<T> read(){
T left;
T right;
std::cin << left << right;
return Pair<T>(left,right);
}

auto p = read<double>();

If the type of a template instantiation cannot be inferred, it has to be
provided explicitly.
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template <typename T> // square number
T sq(T x){
return x*x;
}
template <typename Container, typename F>
void apply(Container& c, F £){ // x <- £(x) forall x in c
for(auto& x: c)
x = f(x);
}
int main(){
std::vector<int> v={1,2,3};
apply(v,sq<int>);
output(v); // 1 4 9
}
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Specialization

template <>
class Pair<bool>{
short both;
public:
Pair(bool 1, bool r):both{(171:0) + (r?2:0)} {};
std::ostream& print (std::ostream& os) const{
return os << "("<< both % 2 << "," << both /2 << ")";
}
};
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Specialization

template <>
class Pair<bool>{

short both;

public:

Pair(bool 1, bool r):both{(171:0) + (r?2:0)} {};
std::ostream& print (std::ostream& os) const{

return os << "("<< both % 2 << "," << both /2 << ")";
}

Pair<int> i(10,20); // ok -- generic template

std::cout << i << std::endl; // (10,20);

Pair<bool> b(true, false); // ok -- special bool version
std::cout << b << std::endl; // (1,0)
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Template Parameterization with Values

template <typename T, int size>
class CircularBuffer{

T buf[size] ;

int in; int out;
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Template Parameterization with Values

template <typename T, int size>
class CircularBuffer{
T buf[size] ;
int in; int out;
public:
CircularBuffer() :in{0},out{0}{};
bool empty(){

return in == out;
}
bool full(){
return (in + 1) % size == out;

}
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Template Parameterization with Values

template <typename T, int size>
class CircularBuffer{
T buf[size] ;
int in; int out;
public: out
CircularBuffer() :in{0},out{0}{};
bool empty(){

return in == out;
}
bool full(){
return (in + 1) % size == out;
}
void put(T x); // declaration
T get(); // declaration



Template Parameterization with Values

template <typename T, int size>

void CircularBuffer<T,size>::put(T x){
assert(!full());
buf [in] = x;
in = (in + 1) % size;
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Template Parameterization with Values

template <typename T, int size>

void CircularBuffer<T,size>::put(T x){
assert(!full());
buf [in] = x;
in = (in + 1) % size;

template <typename T, int size>
T CircularBuffer<T,size>::get(){
assert (lempty());
T x = buf [out];
out = (out + 1) % size;
return x;
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Template Parameterization with Values

template <typename T, int size>

void CircularBuffer<T,size>::put(T x){
assert(!full());
buf [in] = x;
in = (in + 1) % size;

template <typename T, int size>
T CircularBuffer<T,size>::get(){
assert (lempty());
T x = buf [out];
out = (out + 1) % size; «—— Potential for optimization if size = 2*.
return x;
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Memory Management Revisited

Guideline “Dynamic Memory”

For each new there is a matching delete!

Avoid:

m Memory leaks: old objects that occupy memory

m Pointer to released objects: dangling pointers

m Releasing an object more than once using delete.

How?
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Smart Pointers

m Can make sure that an object is deleted if and only if it is not used any
more

m Are based on the RAIl (Resouce Acquisition is Initialization) paradigm.

m Can be used instead of a normal pointer: are implemented as class
templates.

] TherearEStd::unique_ptr<>,std::shared_ptr<>(and
std: :weak_ptr<>)

std: :unique_ptr<Node> nodeU(new Node()); // unique pointer
std: :shared_ptr<Node> nodeS(new Node()); // shared pointer
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Unique Pointer

m The deconstructor of a std::unique_ptr<T> deletes the pointer contained.
B std::unique_ptr<T> has exclusive ownership for the contained pointer on T.

m Copy constructor and assignment operator are deleted. A unique pointer
cannot be copied by value. The move constructor is implemented: the pointer
can be moved.

m No additional runtime overhead in comparison to a normal pointer

std: :unique_ptr<Node> nodeU(new Node()); // unique pointer
std: :unique_ptr<Node> node2 = std::move(nodelU); // ok
std: :unique_ptr<Node> node3 = nodeU; // error
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Shared Pointer

B std::shared_ptr<T> Counts the numbers of owners of a pointer (reference
count). When reference count goes to 0, the pointer is deleted.

m Shared pointers can be copied.

m Shared pointers provide additional space- and runtime overhead: they
manage the reference counter at runtime and contain a pointer to the

reference. std: :shared_ptr<Node>
T Y
RefCount (2) Node

4\
std: :shared_ptr<Node> j
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Shared Pointer

std: :shared_ptr<Node> nodeS(new Node()); // shared pointer, rc = 1
std: :shared_ptr<Node> node2 = std::move(nodeS); // ok, rc unchanged
std: :shared_ptr<Node> node3 = node2; // ok, rc = 2
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Smart Pointers

Some rules

m Never call delete on a pointer contained in a smart pointer.
®m Avoid new, instead:

std: :unique_ptr<Node> nodeU
std: :shared_ptr<Node> nodeS

std: :make_unique<Node> ()
std: :make_shared<Node> ()

m Where possible, use std: :unique_ptr

m If using std: :shared_ptr make sure there are no cycles in the
pointer graph.
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11. Fundamental D r r

Abstract data types stack, queue, implementation variants for linked lists
[Ottman/Widmayer, Kap. 1.51-1.5.2, Cormen et al, Kap. 10.1.-10.2]
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Abstract Data Types

We recall
A stack is an abstract data type (ADR) with operations
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Abstract Data Types

We recall

A stack is an abstract data type (ADR) with operations

m push(z, S): Puts element = on the stack S.

® pop(S): Removes and returns top most element of S or null
m top(S5): Returns top most element of S or null.

B isEmpty(S): Returns true if stack is empty, false otherwise.
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Abstract Data Types

We recall

A stack is an abstract data type (ADR) with operations

m push(z, S): Puts element z on the stack S.

B pop(.S): Removes and returns top most element of S or null
m top(S5): Returns top most element of S or null.

B isEmpty(S): Returns true if stack is empty, false otherwise.
B emptyStack(): Returns an empty stack.
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Implementation Push

top Ty, @ Tpn—1 @----- >Z1 e&—— null

push(z, S):
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Implementation Push

top Tn &——> Tn-1 @----- > 2] &—— null

xZ
push(z, S):
1. Create new list element with = and pointer to the value of top.
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Implementation Push

push(z, S):

1. Create new list element with = and pointer to the value of top.
2. Assign the node with = to top.
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Implementation Pop

top Ty @ Tp—1 @----- >T1 e&—— null

pop(S5):
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Implementation Pop

top Ty @ Tp—1 @----- >T1 e&—— null

pop(s5):
1. If top=null, then return null
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Implementation Pop

top Ty, @—— Tp—1 @----- >T1 e&—— null

r

pop(5):
1. If top=null, then return null
2. otherwise memorize pointer p of top inr.
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Implementation Pop
topIxn 1—)1%—1 ®----- > %1 &—— null

r

pop(5):
1. If top=null, then return null
2. otherwise memorize pointer p of top inr.
3. Set top to p.next and return r
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Each of the operations push, pop, top and isEmpty on a stack can be
executed in O(1) steps.
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Queue (fifo)

A queue is an ADT with the following operations
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Queue (fifo)

A queue is an ADT with the following operations
B enqueue(7, Q): adds x to the tail (=end) of the queue.
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Queue (fifo)

A queue is an ADT with the following operations

B enqueue(z,Q): adds z to the tail (=end) of the queue.
B dequeue((Q): removes x from the head of the queue and returns z (null
otherwise)
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Queue (fifo)

A queue is an ADT with the following operations

B enqueue(7, Q): adds x to the tail (=end) of the queue.

B dequeue((Q): removes x from the head of the queue and returns z (null
otherwise)

B head(Q): returns the object from the head of the queue (null otherwise)
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Queue (fifo)

A queue is an ADT with the following operations

B enqueue(7, Q): adds x to the tail (=end) of the queue.

B dequeue((Q): removes x from the head of the queue and returns z (null
otherwise)

B head(Q): returns the object from the head of the queue (null otherwise)
B isEmpty(Q): return true if the queue is empty, otherwise false
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Queue (fifo)

A queue is an ADT with the following operations

B enqueue(7, Q): adds x to the tail (=end) of the queue.

B dequeue((Q): removes x from the head of the queue and returns z (null
otherwise)

B head(Q): returns the object from the head of the queue (null otherwise)
B isEmpty(Q): return true if the queue is empty, otherwise false
B emptyQueue(): returns empty queue.
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Implementation Queue

T, &——> Ty @----- >Tp—1 @ Ty @ null

| |

head tail

enqueue(z, S):
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Implementation Queue

T, &——> Ty @----- >Tp—1 @ Ty @ null

r e&—— null

head tail

enqueue(z, S):

1. Create a new list element with x and pointer to null.
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Implementation Queue

Ty, &— T2 @----- > Tpn—-1 &— Ty lnull
r e&—— null

head tail

enqueue(z, S):
1. Create a new list element with x and pointer to null.
2. If tail # null, then set tail.next to the node with x.
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Implementation Queue

head tail

enqueue(z, S):
1. Create a new list element with x and pointer to null.
2. If tail # null, then set tail.next to the node with x.
3. Set tail to the node with z.
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Implementation Queue

head tail

enqueue(z, S):
1. Create a new list element with x and pointer to null.
2. If tail # null, then set tail.next to the node with x.
3. Set tail to the node with z.
4, If head = null, then set head to tail.
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Invariants

X, &—— T2 @----- >Tp—1 @ Ty @ null

head tail
With this implementation it holds that
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Invariants

X, &—— T2 @----- >Tp—1 @ Ty @ null

head tail
With this implementation it holds that
m either head = tail = null,
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Invariants

X, &—— T2 @----- >Tp—1 @ Ty @ null

head tail
With this implementation it holds that

m either head = tail = null,
B Oor head = tail # null and head.next = null
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Invariants

X, &—— T2 @----- >Tp—1 @ Ty @ null

head tail
With this implementation it holds that

m either head = tail = null,
B Oor head = tail # null and head.next = null

B Or head # null and tail # null and head # tail and
head.next # null.

316



Implementation Queue

T &— T3 @----- > Tp—1 @ Tn @ null

| |

head tail

dequeue(S):
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Implementation Queue

T, &—> Ty @----- > Tp—-1 @ Tn @ null
T head tail
dequeue(S):

1. Store pointer to head in r. If » = null, then returnr .
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Implementation Queue

T, &—> Ty @----- > Tp—-1 @ Tn @ null
T head tail
dequeue(S):

1. Store pointer to head in r. If » = null, then returnr .
2. Set the pointer of head to head.next.
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Implementation Queue

ry &— T2 @----- > Tp—1 @ Tn @ null
T head tail
dequeue(S):

1. Store pointer to head in r. If » = null, then returnr .
2. Set the pointer of head to head.next.
3. Is now head = null then set tail to null.
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Implementation Queue

ry &— T2 @----- > Tp—1 @ Tn @ null
T head tail
dequeue(S):

1. Store pointer to head in r. If » = null, then returnr .
2. Set the pointer of head to head.next.

3. Is now head =